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Abstract
The junction conditions for the most general gravitational theory with a La-
grangian containing terms quadratic in the curvature are derived. We include the
cases with a possible concentration of matter on the joining hypersurface —termed
as thin shells, domain walls or braneworlds in the literature— as well as the proper
matching conditions where only finite jumps of the energy-momentum tensor are
allowed. In the latter case we prove that the matching conditions are more de-
manding than in General Relativity. In the former case, we show that generically
the shells/domain walls are of a new kind because they possess, in addition to the
standard energy-momentum tensor, a double layer energy-momentum contribution
which actually induces an external energy flux vector and an external scalar pres-
sure/tension on the shell. We prove that all these contributions are necessary to
make the entire energy-momentum tensor divergence-free, and we present the field
equations satisfied by these energy-momentum quantities. The consequences of all
these results are briefly analyzed.
PACS: 04.50.Kd; 11.27.+d; 11.25.-w
1 Introduction
Quadratic gravity refers to theories generalizing General Relativity (GR) by adding terms
quadratic in the curvature to the Lagrangian density. The motivations for such modifica-
tions go back several decades ago (see the critic paper [17]), and today there is a general
consensus that modern string theory (see e.g. [1]) and other approaches to quantum grav-
ity (see e.g. [16]) present that structure, even with higher powers of the curvature tensor,
in their effective actions.
On the other hand, many times it is convenient to have a description of concentrated
sources, that is, of concentrated matter and energy in gravity theories. These concentrated
sources represent for instance thin shells of matter (or braneworlds, or domain walls) and
impulsive matter or gravitational waves. They can mathematically be modelled by using
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distributions, such as Dirac deltas or the like, hence, one has to resort to using tensor
distributions. However, one cannot simply assume that the metric is a distribution because
the products of distributions is not well defined in general, and therefore the curvature
(and Einstein) tensor will not be defined. Thus, one must identify the class of metrics
whose curvature is defined as a distribution, and such that the field equations make sense.
For sources on thin shells, the appropriate class of metrics were identified in [11, 13, 22] in
GR, further discussed in [9]. Essentially, these are the metrics which are smooth except
on localized hypersurfaces where the metric is only continuous.
We carry on a similar program in the most general quadratic theory of gravity, where
extra care must be taken: the field equations, as well as the Lagrangian density, con-
tain products of Riemann tensors, and, moreover, their second derivatives. Therefore,
the singular distributional part —such as the Dirac deltas— cannot arise in the Riemann
tensor itself, which can have at most finite jumps except in some very excepctional situa-
tions. We identify these and then concentrate on the generic, and more relevant, situation
performing a detailed calculation using the rigorous calculus of tensor distributions (see
the Appendices for definitions and fundamental formulas with derivations) to obtain the
energy-momentum quantities on the shells. They depend on the extrinsic geometrical
properties of the hypersurface supporting it, as well as on the possible discontinuities of
the curvature and their derivatives.
Surprisingly, and as already demonstrated in [18, 19, 20], a contribution of “dipole”
type also appears in the energy-momentum content supported on the shell. This is what
we call a double layer, in analogy with the terminology used in classical electrodynamics
[12] for the case of electrodipole surface distributions. This analogy make the interpre-
tation of these double layers somewhat misterious, as there are no negative masses —ad
thus no mass dipoles— in gravitation. One of our purposes is to shed some light into this
new mystery. From our results and those in [18, 19, 20], these double layers seem to arise
when abrupt changes in the Einstein tensor occur.
We also find the field equations obeyed by all these energy-momentum quantities,
which generalize the traditional Israel equations [11], and describe the conservation of
energy and momentum. Actually, we explicitly prove that the full energy-momentum
tensor is divergence-free (in the distributional sense) by virtue of the mentioned field
equations.
Previous works on junction conditions in quadratic gravity include [2, 5, 7, 23] —see
also [6, 10] for the Gauss-Bonnet case—, but none of them provided the correct full field
equations with matter outside the shell, and they all missed the double-layer contributions,
which are fundamental for the energy-momentum conservation. Maybe this is due to the
extended use of Gaussian coordinates based on the thin shell: this prevents from making a
mathematically sound analysis of the distributional part of the energy-momentum tensor,
as the derivatives of the Dirac delta supported on the shell seem to be ill-defined in those
coordinates. This is explained in detail in Appendix E.
The paper is structured as follows. In Section 2 we present a purely geometric review
on spacetimes with distributional curvature constructed by joining smooth spacetimes.
The quadratic gravity field equations are introduced in Section 3, where the proper junc-
tion conditions for the description of thin shells (layers) are found. This is achieved by
using distributional calculus, briefly reviewed in the Appendices. In Section 4, the matter
content supported on the layer, i.e. the distributional part of the global energy momen-
tum tensor, is found to contain a “usual” Dirac-delta term T˜µνδ
Σ together with another
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contribution of double-layer type as mentioned above; the latter is denoted by tµν . Then,
both T˜µν and tµν are computed in terms of geometrical quantities: the curvatures at
either side of the layer and the extrinsic and intrinsic geometry of the hypersurface sup-
porting it. The tensor T˜µν is decomposed into the proper energy momentum of the shell
ταβ, external flux momentum τα and external pressure (or tension) τ corresponding to
the completely tangent, tangent-normal and normal parts respectively. The double layer
energy-momentum tensor distribution is found to resemble the energy-momentum content
of a dipole surface charge distribution with strength µαβ. This strength depends on the
jump of the Einstein –or equivalently the Ricci— tensor at the layer. The allowed jumps
of the curvature (and its derivatives up to second order) at the layer are determined in
Section 5, again from a purely geometrical perspective.
The general quadratic gravity field equations are obtained in Section 6. These are
the inherited field equations on the layer, and they involve ταβ, τα, τ and µαβ together
with jumps on the layer of the spacetime energy-momentum tensor. These fundamental
equations are the generalization of the Israel equations in GR to the general quadratic
gravity theories. The covariant conservation of the full energy-momentum tensor with
its distributional parts is explicitly demonstrated in Section 7, where we discuss how the
double layer term is necessary for that. The field equations on the layer are analysed
and further discussed in Section 8, where a classification of the junction conditions in
the following cases are presented: proper matching, thin shells with no double layers,
and pure double layers. In particular we find that if there is no double layer, then
no external flux momentum τα nor external tension τ can exist. Finally, in Section 9
some comparisons with the general GR case, and particular matchings of spacetimes, are
provided. It is found that any GR solution containing a proper matching hypersurface will
contain a double layer and/or a thin shell at the matching hypersurface if the true theory
is quadratic. Therefore, if any quantum regimes require, excite or switch on quadratic
terms in the Lagrangian density, then GR solutions modelling two regions with different
matter contents will develop thin shells and double layers on their interfaces.
In order to have a self-contained text, we devote some Appendices to review distribu-
tional calculus in manifolds and to present some useful general calculations with distri-
butions. On the other hand, we present in Appendix E a (we hope clarifying) discussion
about the difficulty, and in fact inconvenience, of using Gaussian coordinates for dealing
with layers in quadratic Lagrangian theories, as it has been often done in the literature.
2 Junction: spacetimes with distributional curvature
The space-time is given by an (n + 1)-dimensional Lorentzian manifold (V, g). Let us
consider the case where (V, g) possesses two different regions, say with different matter
contents or different gravitational fields, separated by a border. This border will locally be
a hypersurface Σ ⊂ V which can have any causal character, the physically more interesting
case arising when it is timelike, which we will assume throughout in this paper. Σ divides
the manifold V into two regions V ±, as shown schematically in Fig.1.
The metrics g±µν are assumed to be smooth on V
± respectively (µ, ν, · · · = 0, 1, . . . , n).
An important observation is that one can actually deal with two different coordinate
systems on V ±. In fact, this is needed in most practical problems, as one is usually
given two distinct solutions of the field equations that are to be matched: for instance,
3
Σ(V
−, g−µν)
(V +, g+µν)
n
µ
Figure 1: Schematic diagram of the situation under consideration: Σ is a timelike hypersurface separat-
ing two regions of the space-time, V + and V −, with corresponding smooth metrics g+ and g−. These two
metrics also have well defined, definite limits, when approaching Σ. If, and only if, the first fundamentals
forms inherited by Σ from V + and V − agree, one can build a local coordinate system such that the entire
metric is continuous across Σ too. In that case, one can define a unique unit normal nµ, which we choose
to point from V − towards V +, as shown.
one solution describing an interior with matter and another describing vacuum; or a
background solution upon which a localized perturbation, such as a wave front or a shell
of matter, propagates. Thus, we will be presented with two sets of local coordinates {xµ±}
with no relation whatsoever, each valid on the corresponding part V ± [11].
Two corresponding timelike hypersurfaces Σ± ⊂ V ± which bound the regions V ±
must be chosen on each ±-side to be matched. Of course, these two hypersurfaces are
to be identified in the final glued spacetime, so that they must be diffeomorphic. The
junction of V + with V − by identifying Σ+ with Σ− depends crucially on the particular
diffeomorphism used for this identification, hence we assume that this has already been
chosen and is known. The glued global manifold V is defined as the disjoint union of
V + and V − with diffeomorphically related points of Σ+ and Σ− identified. This unique
hypersurface is the matching hypersurface we denote simply by Σ.
Let {ξa} be a set of local coordinates on Σ (a, b, · · · = 1, . . . , n). Then, there are two
parametric representations
xµ± = x
µ
±(ξ
a)
of Σ, one for each imbedding into each of V ±. As explained in the Appendix B , in order
to have well defined curvature tensors in the sense of distributions we need a global metric
which is at least continuous across Σ. As is known [3, 15], this happens if and only if the
two first fundamental forms h± of Σ inherited from both sides V ± agree. This agreement
requires the equalities on Σ
h+ab = h
−
ab, h
±
ab ≡ g±µν(x(ξ))
∂xµ±
∂ξa
∂xν±
∂ξb
(1)
and implies that one can build local coordinate systems in which the metric can be
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extended to be continuous across Σ. The unique metric defined on the entire manifold
that coincides with g± in the respective V ± and is continuous across Σ is denoted simply
by g.
Let n±µ be the unit normals to Σ as seen from V
± respectively. They are fixed up to
a sign by the conditions
n±µ
∂xµ±
∂ξa
= 0, n±µn
±µ = 1
and one must choose one of them (say n−µ ) pointing outwards from V
− and the other (n+µ )
pointing towards V +. Hence, the two bases on the tangent spaces at any point of Σ
{n+µ, ∂x
µ
+
∂ξa
} ↔ {n−µ, ∂x
µ
−
∂ξa
}
agree and are then identified, so we drop the ± (even though, in explicit calculations, one
can still use both versions using the two coordinate systems on each side). We denote by
~ea the vector fields tangent to Σ defined by the above imbeddings
~ea :=
∂xµ+
∂ξa
∂
∂xµ+
∣∣∣∣
Σ
=
∂xµ−
∂ξa
∂
∂xµ−
∣∣∣∣
Σ
.
Note that {~ea} are defined only on Σ. The basis dual to {nµ, eµa} is denoted by
{nµ, ωaµ}
where the one-forms ωa are characterized by
nµωaµ = 0, e
µ
bω
a
µ = δ
a
b .
The space-time version of the first fundamental form, which is now unique due to (1), is
given by the projector to Σ (defined only on Σ)
hµν = gµν − nµnν . (2)
Notice that
nµhµν = 0, hµρh
ρ
ν = hµν , h
µ
µ = n, hµνe
µ
ae
ν
b = hab
and that
eµa = hab ω
b
ν g
νµ, eµcω
c
ν = h
µ
ν .
Despite all the above, the extrinsic curvatures, or second fundamental forms, inherited
by Σ from both sides V ± will be, in principle, different, because the derivatives of the
metric are not continuous in general. We denote them by K±µν , and they are defined, as
usual, by
K±µν := h
ρ
νh
σ
µ∇±ρ nσ K±µν = K±νµ
where only tangent derivatives are involved. Obviously nµK±µν = 0, thus only the n(n +
1)/2 components tangent to Σ are non-identically vanishing. In terms of the imbeddings
these components are given by
K±ab ≡ −n±µ
(
∂2xµ±
∂ξa∂ξb
+ Γ±µρσ
∂xρ±
∂ξa
∂xσ±
∂ξb
)
, (3)
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which is adapted to explicit calculations. These components correspond to the second
fundamental form, defined as a tensor in Σ by
K±ab = −nµeρa∇±ρ eµb = eµb eρa∇±ρ nµ .
As shown in the Appendix C, the Riemann tensor can be computed in the distribu-
tional sense and acquires, in general, a singular part proportional to the distribution δΣ
supported on Σ —which is defined in Appendix B—:
Rαβµν = R
+α
βµνθ +R
−α
βµν(1− θ) + δΣHαβµν . (4)
Here Hαβµν is called the singular part of the Riemann tensor distribution and as shown
in the Appendix C reads
Hαβλµ = nλ
[
Γαβµ
]− nµ [Γαβλ]
where the square brackets always denote the jump of the enclosed object across Σ accord-
ing to the definition (137) given in Appendix B. We can provide a more interesting formula
for this singular part. First, note that from the general formula for the discontinuities of
derivatives (158) in Appendix D.2 we have
[∂αgµν ] = nαζµν
for some symmetric tensor field ζµν defined only on Σ. This immediately gives[
Γαβλ
]
=
1
2
(ζαβnλ + ζ
α
λnβ − nαζβλ) (5)
which implies
Hαβλµ =
1
2
(−nαζβµnλ + nαζβλnµ − nβζαλnµ + nβζαµnλ) . (6)
Note that this expression is invariant under the change ζµν −→ ζµν + nµXν + nνXµ for
arbitrary Xµ and thus only the part of ζµν tangent to Σ enters into the formula. Actually,
one can prove the existence of C1, piecewise C∞, changes of coordinates that remove any
normal part of ζµν arising in (5) —see, e.g., [15]. Thus, from now on we assume that
such a change has been performed and we will restrict ourselves to assuming that ζµν is
tangent to Σ: nµζµν = 0. But using (3) together with (5) we deduce
K+ab −K−ab = −nµ
[
Γµρσ
]
eρae
σ
b =
1
2
ζρσe
ρ
ae
σ
b (7)
that is to say, the tangent part of ζµν is characterized by the difference of the two ±-
second fundamental forms. Thus, defining the jump on Σ of the second fundamental form
as usual
[Kµν ] := K
+
µν −K−µν , nµ [Kµν ] = 0 (8)
we can rewrite (6) as the desired formula for the singular part of the Riemann tensor
distribution:
Hαβλµ = −nα [Kβµ]nλ + nα [Kβλ]nµ − nβ [Kαλ]nµ + nβ [Kαµ]nλ. (9)
This important formula informs us that the singular part of the Riemann tensor distribu-
tion vanishes if, and only if, the jump of the second fundamental form vanishes.
By contractions on (4) we get (with obvious notations):
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• The Ricci tensor distribution
Rβµ = R
+
βµθ +R
−
βµ(1− θ) +HβµδΣ (10)
where its singular part is given by
Hβµ := H
ρ
βρµ = − [Kβµ]− [Kρρ]nβnµ. (11)
Thus, the singular part of the Ricci tensor distribution vanishes if, and only if, the
jump of the second fundamental form vanishes, hence, if and only if that of the full
Riemann tensor distribution does.
• The scalar curvature distribution
R = R+θ +R−(1− θ) +HδΣ (12)
whose singular part reads
H := Hρρ = −2 [Kµµ] . (13)
It follows that the singular part of the scalar curvature distribution vanishes if, and
only if, the jump of the trace of second fundamental form vanishes.
• And the Einstein tensor distribution
Gβµ := Rβµ −
1
2
gβµR = G
+
βµθ +G
−
βµ(1− θ) + GβµδΣ (14)
with a singular part
Gβµ = − [Kβµ] + hβµ [Kρρ] , nµGβµ = 0 (15)
which is tangent to Σ.
A general result proven in [15] is that the second Bianchi identity holds in the distri-
butional sense:
∇ρRαβµν +∇µRαβνρ +∇νRαβρµ = 0
from where one deduces by contraction
∇βGβµ = 0
for the Einstein tensor distribution. By using (14) and the general formula (138) this
implies
0 = ∇βGβµ = nβ [Gβµ] δΣ +∇β
(GβµδΣ) . (16)
The second summand on the righthand side is computed according to the general formula
(163) in Appendix D.1
∇β (GβµδΣ) = gβρ∇ρ (GβµδΣ) = gβρ∇σ (GβµnρnσδΣ)+ gβρhλρ∇λGβµδΣ = hρλ∇λGρµ δΣ
which, via (148) finally gives
∇β (GβµδΣ) = (∇βGβµ −KΣρσGρσnµ) δΣ .
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Introducing this into (16) we arrive at
0 = δΣ
(
nβ [Gβµ] +∇βGβµ − 1
2
nµGρσ(K+ρσ +K−ρσ)
)
which implies, by taking the normal and tangent components, the following relations
(K+ρσ +K
−
ρσ)Gρσ = 2nβnµ [Gβµ] = 2nβnµ [Rβµ]− [R], (17)
∇βGβµ = −nρhσµ [Gρσ] = −nρhσµ [Rρσ] . (18)
(These equations can also be obtained [11] by using part of the Gauss and Codazzi equa-
tions for Σ on both sides, specifically (154) and (155) in Appendix D.1).
Remark: A very important remark is that all formulae in this section are purely
geometric, independent of any field equations, and therefore valid in any theory of gravity
based on a Lorentzian manifold.
3 Quadratic gravity
We are going to concentrate on the case of quadratic theories of gravity because, apart
from its own intrinsic interest and as we are going to discuss, they allow for cases where
gravitational double layers arise. Let us consider a quadratic theory of gravity in n + 1
dimensions described by the Lagrangian density
L = 1
2κ
(
R− 2Λ + a1R2 + a2RµνRµν + a3RαβµνRαβµν
)
+ Lmatter, (19)
where κ = c4/8piG is the gravitational coupling constant, Λ is the cosmological constant,
a1, a2, a3 are three constants selecting the particular theory, and Lmatter is the Lagrangian
density describing the matter fields. Λ−1 and a1, a2, a3 have physical units of L2. The
field equations derived from this Lagrangian read (see e.g. [8] and references therein)
Gαβ + Λgαβ +G
(2)
αβ = κTαβ, (20)
where Tαβ is the energy-momentum tensor of the matter fields derived from Lmatter, Gαβ
is the Einstein tensor and G
(2)
αβ encodes the part that comes from the quadratic terms:
G
(2)
αβ = 2
{
a1RRαβ − 2a3RαµRµβ + a3RαρµνRβ ρµν + (a2 + 2a3)RαµβνRµν
−
(
a1 +
1
2
a2 + a3
)
∇α∇βR +
(
1
2
a2 + 2a3
)
Rαβ
}
−1
2
gαβ
{
(a1R
2 + a2RµνR
µν + a3RργµνR
ργµν)− (4a1 + a2)R
}
(21)
where  := gµν∇µ∇ν is notation for the D’Alembertian in (V, g).
If we want to find the proper junction conditions, or a description of thin shells or
braneworlds in these theories, we have to resort to the distributional calculus (see Ap-
pendices) and use the formulas provided in the previous section. Then, in order to have
the Lagrangian density as well as the tensor G
(2)
αβ well defined in a distributional sense
—so that the field equations (20) are sensible mathematically—, one has to avoid any
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multiplication of singular distributions (such as “δΣδΣ”). One could also hope for some
cancellation of such terms between different parts of the Lagrangian, and of G
(2)
αβ , and
this is discussed in the following subsection for completeness, but one has to bear in mind
that these cancellations are probably ill defined anyway, and thus not relevant. In order
to properly deal with products of distributions we would need a more general calculus,
based e.g. on Colombeau algebras [4, 21], and hope that those cancellations certainly
occur and are well defined.
3.1 Dubious possible cancellation of non-linear δΣδΣ terms
Let us start by examining the Lagrangian (19) recalling that the different curvature terms
possess now singular parts proportional to δΣ, as given in (9) and its contractions (11)
and (13). One could naively compute the products of these singular parts arising from the
quadratic terms in (19) and collect them in a common-factor fashion. The result would
be a term of type
δΣδΣ
(
2κ1[K
ρ
ρ ]
2 + 2κ2[Kαβ][K
αβ]
)
where we have introduced the abbreviations
κ1 := 2a1 + a2/2, κ2 := 2a3 + a2/2. (22)
to be used repeatedly in what follows. Then, one should require the vanishing of the
term in brackets. A similar naive compilation should be performed with the non-linear
distributions arising from the quadratic terms in the field equations (21). Imposing again
that the full combination must vanish, and separating the resulting condition into its
normal and tangent parts to Σ we would find{
κ1[K
ρ
ρ ]
2 + κ2(3[K
µν ][Kµν ]− 2[Kρρ ]2)
}
nαnβ (23)
+κ1[K
ρ
ρ ](2[Kαβ]− [Kρρ ]hαβ) + κ2(2[Kρρ ][Kαβ]− [Kµν ][Kµν ]hαβ) = 0. (24)
The normal (23) and tangent (24) parts should vanish separately. In particular the trace
of the tangent part reads
κ1[K
ρ
ρ ]
2(2− n) + κ2(2[Kρρ ]2 − n[Kµν ][Kµν ]) = 0. (25)
We see directly that κ1 = κ2 = 0 solves (23) and (24), but in order to find all solutions
we compute the determinant of the system (23) and (25). This yields
(3− n)[Kρρ ]2([Kρρ ]2 − [Kµν ][Kµν ]) = 0. (26)
Take first [Kρρ ] = 0. Then, (23) and (25) reduce to κ2[Kµν ][K
µν ] = 0. If [Kρρ ] 6= 0
but [Kρρ ]
2 = [Kµν ][Kµν ], (23) reads (κ1 + κ2)[K
ρ
ρ ]
2 = 0 and (25) is redundant since it
becomes (κ1 + κ2)[K
ρ
ρ ]
2(2[Kαβ]− [Kρρ ]hαβ) = 0. Thus, κ1 + κ2 = 0 would follow. Finally,
if n = 3 (and [Kρρ ]
2 6= 0), (23), (24) and (25) yield a new possibility not considered so far,
summarized in
[Kαβ] =
1
3
hαβ ⇒ [Kρρ ] = 1, [Kαβ][Kαβ] =
1
3
, κ1 − κ2 = 0. (27)
In short, each of the following possibilities would seem to allow for the mutual anni-
hilation of ”δΣδΣ” terms in (21) —and in (19)—:
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1. κ1 = κ2 = 0.
2. [Kρρ ] = 0 and κ2 = 0.
3. [Kρρ ]
2 = [Kµν ][K
µν ] = 0.
4. [Kρρ ]
2 = [Kµν ][K
µν ] 6= 0 and κ1 + κ2 = 0.
5. If the spacetime is 4-dimensional, κ1 − κ2 = 0 and [Kαβ] = hαβ/3.
Despite we have included this analysis here for completeness, we should not forget
that these cases are not mathematically correct, and therefore they should not be taken
seriously unless a more rigorous study is performed showing its feasibility. To understand
the problems behind these naive calculations, we want to emphasize that there is no
known way to give a sensible meaning to δΣδΣ, let alone to things such as fδΣδΣ. Thus,
taking for granted that combinations of type f1δ
ΣδΣ +f2δ
ΣδΣ are related to (f1 +f2)δ
ΣδΣ
is, at least, dubious. Such difficulties were, for instance, noted in [6] for the Gauss-Bonnet
case —corresponding to the possibility 1 above—, and one has to resort to analyzing thick
shells, that is, layers with a finite width, or to a setting more general than distributions,
such as the theory of nonlinear generalized functions described in [4, 21] and references
therein. The thin shell formalism is simply not available. Therefore, we will abandon this
route for now, and in this paper we will concentrate on the generic and well-defined cases
analyzed in the next subsection.
3.2 Well defined possibilities: no δΣδΣ terms
The only mathematically well-defined possibilities in the available theory of distributions
for the thin shell formalism, as just argued, are those where no δΣδΣ term ever arises,
leading to two different possibilities if we let aside the case of GR (defined by a1 = a2 =
a3 = 0):
1. If either a2 or a3 is different from zero, then products of the Ricci tensor by itself, or
by the Riemann tensor, appear in (21) and these are ill-defined if the singular parts
(9) and (11) are non-zero. Thus, we must demand that the singular parts (9) and
(11) vanish which happens, as proven above, if and only if the jump of the second
fundamental form vanishes. Thus, in this situation it is indispensable to require
[Kµν ] = 0. (28)
In this case, all the curvature tensors are tensor distributions associated to tensor
fields —see Appendix A—with possible discontinuities across Σ. Observe that then
the Lagrangian density (19) is also a well defined, locally integrable, function.
2. If on the other hand a2 = a3 = 0, then only products of R by itself or by the Ricci
tensor appear in (21), and thus it is enough to demand that R is a locally integrable
function without singular part. Hence, in this case it is enough to require that
(13) vanishes, that is to say, that the trace of the second fundamental form has no
jump: [Kρρ ] = 0. Observe that, again, the Lagrangian density (19) is in this case a
well-defined locally integrable function.
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In any of the above two possibilities, expression (20) with (21) has a remarkable
property: there are no terms quadratic in derivatives of the curvature tensors. Taking into
account that tensor distributions can be covariantly differentiated according to the rules
explained in the appendices, the derivatives of the curvature tensors may have singular
parts and still the field equations (20) are mathematically sound. This opens the door for
the existence of matching hypersurfaces which represent double layers. Case 2 above was
extensively treated in [18, 19, 20], where gravitational double layers were found for the
first time. Therefore, we will here concentrate in the more general case 1, and thus we will
assume hereafter that (28) holds. Notice that (28) coincide precisely with the matching
conditions that are needed in General Relativity to avoid distributional matter contents,
as follows from (15) together with the Einstein field equations.
Once (28) is enforced, the lefthand side of the field equations (20) can be computed in
the distributional sense. From (4) and (28) we know that the Riemann tensor distribution
Rαβµν = R
+
αβµνθ +R
−
αβµν(1− θ),
is actually associated to a locally integrable (and piecewise differentiable) tensor field.
However, this tensor field may be discontinuous across Σ, and thus [Rαβµν ] may be non-
vanishing. This leads, when computing covariant derivatives of Rαβµν , to singular terms
proportional δΣ and its derivatives. And these are going to arise in G
(2)
αβ . Thus, the energy-
momentum tensor on the righthand side of (20) must be treated as a tensor distribution
and contain such terms, localized on Σ, giving the energy-matter contents of the thin shell
or double layer.
In order to compute this matter content supported on Σ we only have to calculate the
singular part of G
(2)
αβ , because Gαβ in (14) vanishes as follows from (28) with (15). But the
only terms in (21) that are relevant for this singular part are ∇α∇βR and Rαβ (and its
contraction R). More precisely, we need to obtain the singular part of the expression
− (2a1 + a2 + 2a3)∇α∇βR + (a2 + 4a3)Rαβ +
(
2a1 +
1
2
a2
)
Rgαβ
= − (κ1 + κ2)∇α∇βR + 2κ2Rαβ + κ1Rgαβ. (29)
This is the purpose of the next section.
4 Energy-momentum on the layer Σ
From (10) and the assumption (28) we know that
Rαβ = R
+
αβ θ +R
−
αβ(1− θ)
from where, using the general formula (138) twice we deduce
∇νRαβ = ∇νR+αβ θ +∇νR−αβ(1− θ) + [Rαβ]nνδΣ,
∇µ∇νRαβ = ∇µ∇νR+αβ θ +∇µ∇νR−αβ(1− θ) + [∇νRαβ]nµδΣ +∇µ
(
[Rαβ]nνδ
Σ
)
.(30)
Via contractions here, or directly from (12), we also obtain
R = R+θ +R−(1− θ),
∇νR = ∇νR+θ +∇νR−(1− θ) + [R]nνδΣ,
∇µ∇νR = ∇µ∇νR+θ +∇µ∇νR−(1− θ) + [∇νR]nµδΣ +∇µ
(
[R]nνδ
Σ
)
(31)
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as well as
Rαβ = R+αβθ +R−αβ(1− θ) + nρ[∇ρRαβ]δΣ + gµν∇µ
(
[Rαβ]nνδ
Σ
)
, (32)
R = R+θ +R−(1− θ) + nρ[∇ρR]δΣ + gµν∇µ
(
[R]nνδ
Σ
)
. (33)
Thus, we need to control the discontinuities of the Ricci tensor and the scalar cur-
vature, and also to provide an expression for the singular distribution ∇µ
(
[Rαβ]nνδ
Σ
)
supported on Σ. The general formula (163) provides
∇µ
(
nν [Rαβ]δ
Σ
)
= ∇ρ
(
[Rαβ]nµnνn
ρδΣ
)
+
{
hρµ∇ρ(nν [Rαβ])−Kρρ [Rαβ]nµnν
}
δΣ.
At this point we introduce a 4-covariant tensor distribution ∆µναβ with support on Σ,
which takes care of the first summand here and is defined by
∆µναβ := ∇ρ
(
[Rαβ]nµnνn
ρ δΣ
)
or equivalently by 〈
∆µναβ, Y
µναβ
〉
:= −
∫
Σ
[Rαβ]nνnµn
ρ∇ρY µναβdσ.
Note that ∆µναβ = ∆νµαβ = ∆µνβα. In summary, we have
∇µ
(
nν [Rαβ]δ
Σ
)
= ∆µναβ +
{
nνh
ρ
µ∇ρ[Rαβ] + [Rαβ](Kµν −Kρρ nµnν)
}
δΣ
and therefore (30) becomes
∇µ∇νRαβ = ∇µ∇νR+αβ θ +∇µ∇νR−αβ(1− θ) + ∆µναβ
+
{
[∇νRαβ]nµ + nνhρµ∇ρ[Rαβ] + [Rαβ](Kµν −Kρρ nµnν)
}
δΣ.
From the general formula (161), conveniently generalised, we have
[∇ρRβµ] = nρrβµ + hσρ∇σ[Rβµ], (34)
where
rβµ := n
ρ[∇ρRβµ], rβµ = rµβ (35)
are the discontinuities of the normal derivatives of the Ricci tensor. Thus, we finally get
∇µ∇νRαβ = ∇µ∇νR+αβ θ +∇µ∇νR−αβ(1− θ) + ∆µναβ
+
{
rαβ nνnµ + nµh
ρ
ν∇ρ[Rαβ] + nνhρµ∇ρ[Rαβ] + [Rαβ](Kµν −Kρρ nµnν)
}
δΣ. (36)
Observe that the entire singular part is symmetric in (αβ) and in (µν).
From (36) we immediately get all the sought terms. First, by contracting with gαβ we
find [18, 19, 20]
∇µ∇νR = ∇µ∇νR+ θ +∇µ∇νR−(1− θ) + ∆µν
+
{
bnνnµ + nµ∇ν [R] + nν∇µ[R] + [R](Kµν −Kρρ nµnν)
}
δΣ (37)
where [19, 20]
b := rρρ = n
ρ∇ρ[R] (38)
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measures the discontinuity on the normal derivative of the scalar curvature, and [19]
∆µν := g
αβ∆µναβ
is a 2-covariant symmetric tensor distribution with support on Σ acting as follows1〈
∆µν , Y
µν
〉
:= −
∫
Σ
[R]nνnµn
ρ∇ρY µνdσ; ∆µν = ∇ρ
(
[R]nµnνn
ρδΣ
)
. (39)
Similarly, contracting (36) with gµν we readily get
Rαβ = R+αβθ +R−αβ(1− θ) + rαβδΣ + gµν∆µναβ (40)
where the last distribution acts as follows〈
gµν∆µναβ, Y
αβ
〉
=
〈
∆µναβ, g
µνY αβ
〉
= −
∫
Σ
[Rαβ]nνnµn
ρ∇ρ(Y αβgµν)dσ
= −
∫
Σ
[Rαβ]n
ρ∇ρY αβdσ; gµν∆µναβ = ∇ρ
(
[Rαβ]n
ρδΣ
)
.
Finally, by tracing either of (37) or (40) we easily derive
R = R+θ +R−(1− θ) + b δΣ + ∆, (41)
where we have introduced the notation ∆ := gµν∆µν . Note that [18]
〈∆, Y 〉 = 〈gµν∆µν , Y 〉 = −∫
Σ
[R]nρ∇ρY dσ; ∆ = ∇ρ
(
[R]nρδΣ
)
What we have proven is that the distribution G
(2)
αβ takes the following form
G
(2)
αβ = G
(2)+
αβ θ +G
(2)−
αβ (1− θ) + G˜αβδΣ + Gαβ (42)
where
G˜αβ = 2κ2rαβ+κ1bgαβ−(κ1+κ2)
{
bnαnβ + nα∇β[R] + nβ∇α[R] + [R](Kαβ −Kρρ nαnβ)
}
,
(43)
and after a trivial rearrangement
Gαβ = κ1
(
gαβ∆−∆αβ
)
+ κ2
(
2gµν∆µναβ −∆αβ
)
. (44)
From (44) we define two new 2-covariant tensor distributions with support on Σ [19]:
Ωαβ := gαβ∆−∆αβ = ∇ρ
(
[R]hαβn
ρδΣ
)
;
〈
Ωαβ, Y
αβ
〉
= −
∫
Σ
[R]hαβ n
ρ∇ρY αβdσ (45)
and
Φαβ := g
µν∆µναβ−
1
2
∆αβ−
1
2
Ωαβ = ∇ρ
(
[Gαβ]n
ρδΣ
)
;
〈
Φαβ, Y
αβ
〉
= −
∫
Σ
[Gαβ]n
ρ∇ρY αβdσ
(46)
1There are some errata in the formulae for ∆µν and Ωµν in [18], and for tµν in [19, 20]: in all cases Y
must be replaced by Y µν .
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(recall that [Gαβ] is tangent to Σ, n
α[Gαβ] = 0, due to (17) and (18) together with the
vanishing of Gαβ as follows from (15) and (28)). With these definitions, (44) is rewritten
simply as
Gαβ = (κ1+κ2)Ωαβ+2κ2Φαβ; Gαβ = ∇ρ
({(κ1 + κ2)[R]hαβ + 2κ2[Gαβ]}nρδΣ) . (47)
Given the structure (42), the field equations (20) can only be satisfied if the energy-
momentum tensor on the righthand side is a tensor distribution with the following terms
T µν = T
+
µνθ + T
−
µν(1− θ) + T˜µνδΣ + tµν (48)
where T˜µν is a symmetric tensor field defined only on Σ and tµν is by definition the
singular part of T µν with support on Σ not proportional to δ
Σ. We perform an orthogonal
decomposition of T˜µν into tangent, normal-tangent and normal parts with respect to Σ
T˜µν = τµν + τµnν + τνnµ + τnµnν (49)
with
τµν := h
ρ
µh
σ
ν T˜ρσ, τµν = τνµ, n
µτµν = 0; τµ := h
ρ
µT˜ρνn
ν , nµτµ = 0; τ := n
µnνT˜µν
so that
T µν = T
+
µνθ + T
−
µν(1− θ) + (τµν + τµnν + τνnµ + τnµnν) δΣ + tµν . (50)
Following [19, 20] the proposed names for the objects in (50) supported on Σ, with
their respective explicit expressions, are:
1. the energy-momentum tensor ταβ on Σ, given by
κταβ = −(κ1 + κ2)[R]Kαβ + κ1bhαβ + 2κ2rµνhµαhνβ. (51)
ταβ is the only quantity usually defined in standard shells.
2. the external flux momentum τα defined by
κτα = −(κ1 + κ2)∇α[R] + 2κ2rµνnµhνα. (52)
This momentum vector describes normal-tangent components of T µν supported on
Σ. Nothing like that exists in GR.
3. the external pressure or tension τ
κτ = (κ1 + κ2)[R]K
ρ
ρ + κ2(2rµνn
µnν − b), (53)
Taking the trace of (51) one obtains a relation between b, τ and the trace of τµν :
κ (τ ρρ + τ) = (κ1n+ κ2)b (54)
The scalar τ measures the total normal pressure/tension supported on Σ. Again,
such a scalar does not exist in GR.
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4. the double-layer energy-momentum tensor distribution tαβ, which is defined by
κtαβ = Gαβ = ∇ρ
({(κ1 + κ2)[R]hαβ + 2κ2[Gαβ]}nρδΣ) (55)
or, equivalently, by acting on any test tensor field Y αβ as
κ
〈
tαβ, Y
αβ
〉
= −
∫
Σ
{(κ1 + κ2)[R]hαβ + 2κ2[Gαβ]}nρ∇ρY αβ . (56)
tαβ is a symmetric tensor distribution of “delta-prime” type: it has support on Σ
but its product with objects intrinsic to Σ is not defined unless their extensions off
Σ are known. As argued in [19, 20], tαβ resembles the energy-momentum content of
double-layer surface charge distributions, or “dipole distributions”, with strength
κµαβ := (κ1 + κ2)[R]hαβ + 2κ2[Gαβ], µαβ = µβα, n
αµαβ = 0. (57)
We note in passing that
κµρρ = (κ1n+ κ2)[R], κt
ρ
ρ = (κ1n+ κ2)∆ (58)
The appearance of such double layers is remarkable, as “massive dipoles” do not
exist. However, in quadratic theories of gravity they arise, as we have just shown,
in the generic situation when thin shells are considered. In this case, tαβ seems
to represent the idealization of abrupt changes, or jumps, in the curvature of the
space-time.
5 Curvature discontinuities
In the next section, we are going to derive the field equations satisfied by the energy-
momentum quantities (51), (52), (53) and (57) supported on Σ. To that end, we have
to perform a detailed calculation of the discontinuities of the field equations (20): they
obviously include the discontinuities of the energy-momentum tensor Tµν which must be
related to the energy-momentum content concentrated on Σ.
The discontinuity of the lefthand side of (20) contains [G
(2)
αβ ] (actually, we will only
need nα[G
(2)
αβ ]) and this involves discontinuities of quadratic terms in the Riemann tensor,
such as [R2], [RαβR
αβ], [RαβµνR
αβµν ], [RRαβ], [RαµR
µ
β], [RαρµνRβ
ρµν ] and [RαµβνR
µν ], as
well as discontinuities of derivatives of the curvature tensors, such as [∇α∇βR], [Rαβ]
or [R]. Thus, we have to use systematically the rules (157) and either of (161) or (162)
supplemented with (28), and we also need to have some knowledge on the discontinuities
of the Riemann tensor (and its derivatives).
5.1 Discontinuities of the curvature tensors
Thus, let us start by controlling the allowed discontinuities of the Riemann tensor across
Σ. From the requirement (28) we know that ζµν = 0 and thus
[Γαβµ] = 0.
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Then, the general formula (158) gives[
∂λΓ
α
βµ
]
= nλγ
α
βµ
for some functions γαβµ such that γ
α
βµ = γ
α
µβ, and therefore
[Rαβλµ] = nλγαβµ − nµγαβλ. (59)
The antisymmetry of Rαβλµ in [αβ] implies then that γ(αβ)µ = −Bαβnµ for some symmetric
tensor Bαβ = Bβα defined only on Σ. Hence
γαβµ = γ˜αβµ −Bαβnµ, γ˜αβµ = −γ˜βαµ
and
[Rαβλµ] = nλγ˜αβµ − nµγ˜αβλ.
However, the symmetry of γαβµ in (βµ) implies γ˜α[βµ] − Bα[βnµ] = 0 as well as γ˜[αβµ] = 0
from where one easily derives
γ˜αβµ = 2γ˜µ[βα] = nαBβµ − nβBαµ
and we recover the standard formula [15]
[Rαβλµ] = nαnλBβµ − nλnβBαµ − nµnαBβλ + nµnβBαλ. (60)
As argued after formula (9), there is no loss of generality by assuming that Bαβ is tangent
to Σ, i.e. such that
Bαβn
α = 0 =⇒ Bαβ = Babωaαωbβ.
Given this plus the symmetry of Bαβ there are (n
2 + n)/2 independent allowed disconti-
nuities for the curvature tensor, all encoded in Bab.
Successive contractions on (60) provide
[Rβµ] = Bβµ +
1
2
nβnµ[R], [R] = 2B
ρ
ρ , (61)
or equivalently
Bβµ = [Rβµ]− 1
2
[R]nβnµ = [Gβµ] +
1
2
hβµ[R] . (62)
In other words, the n(n+ 1)/2 allowed independent discontinuities of the Riemann tensor
can be chosen to be the discontinuities of the Σ-tangent part of the Einstein tensor (or
equivalently, of the Ricci tensor).
5.2 Discontinuities of the curvature tensors derivative
Concerning the covariant derivative of the Riemann tensor, the general formula (161)
leads to
[∇ρRαβλµ] = nρrαβλµ + hσρ∇σ[Rαβλµ], (63)
where rαβµν is a tensor field defined only on Σ and with the symmetries of a Riemann
tensor. Using the second Bianchi identity for the Riemann tensor the previous formula
implies
n[ρrαβ]λµ + hσ[ρ∇σ[Rαβ]λµ] = 0
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which, on using (60) and after some calculations, implies the following structure for rαβµν :
rαβµν = KαµBνβ −KανBµβ +KβνBµα −KβµBνα
+
(∇µBρν −∇νBρµ) (nαhρβ − nβhρα) + (∇αBρβ −∇βBρα) (nµhρν − nνhρµ)
+ nαnµρβν − nαnνρβµ − nβnµραν + nβnνραµ, (64)
where ρβµ is a new symmetric tensor field, defined only on Σ and tangent to Σ, n
βρβµ = 0,
which encodes the allowed new independent discontinuities of the covariant derivative of
the Riemann tensor. There are n(n + 1)/2 of those again. As far as we know, relation
(64) has only been derived in [15].
Contraction of (64) leads to the equation (34), but now with an explicit expression for
the discontinuity of the normal derivative of the Ricci tensor which reads, on using (62)
rβν = ρβν +K
ρ
ρBβν +
1
2
[R]Kβν −KρβBρν −BρβKρν
− nβ∇ρ[Gρν ]− nν∇ρ[Gρβ]
+ nβnνρ
α
α, (65)
where a natural orthogonal decomposition of rβµ appears: the first line is its complete
tangent part which, given that ρβν entails the allowed new independent discontinuities,
is in itself a symmetric tensor field tangent to Σ codifying those discontinuities. We are
going to denote it by
Rβµ := hρβhσµrρσ = hρβhσµnλ[∇λRρσ]; (66)
the second line is its tangent-normal part, which is completely determined by the covariant
derivative within Σ of the discontinuity of the Einstein tensor
nβhνµrβν = −∇ρ[Gρµ]; (67)
and finally, the third line gives the total normal component of rβµ, which can be related
to the discontinuity (38) of the normal derivative of R by simply taking the trace rρρ = b
leading to
rβµn
βnµ =
b
2
+Kρσ[Gρσ]. (68)
Using this we get a useful relation for the trace of Rαβ, that does not depend on ραβ
Rαα =
b
2
−Kρσ[Gρσ]. (69)
5.3 Second-order derivative discontinuities
Let us now consider the jumps in the second derivatives of the Ricci tensor. The starting
point is equation (34). We can find an expression for the second summand there by
differentiating (61) along Σ and using the general rule (148) (see Appendix D.1),
hσρ∇σ[Rβµ] =
1
2
nβnµ∇ρ[R] + n(µ
(
Kβ)ρ[R]− 2Bβ)λKλρ
)
+∇ρBβµ. (70)
The jumps of the second-order derivatives of the Ricci tensor, due to the general formula
(161), can be written as
[∇λ∇ρRβµ] = nλAρβµ + hσλ∇σ[∇ρRβµ] (71)
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where Aρβµ = Aρ(βµ) is a shorthand for
Aρβµ = n
λ[∇λ∇ρRβµ].
The last term hσλ∇σ[∇ρRβµ] can be further expanded by first using (34) to obtain
hσλ∇σ[∇ρRβµ] = Kλρrβµ + nρhσλ∇σrβµ + hσλ∇σ
(
hγρ∇γ[Rβµ]
)
.
and then computing the last summand here, which leads to
hσλ∇σ[∇ρRβµ] = Kλρrβµ + 2n(µKβ)(λ∇ρ)[R] + [R]Kρ(βKµ)λ − 4Kγ(ρ∇λ)Bγ(βnµ)
+nβnµ
(
1
2
∇λ∇ρ[R]− [R]KσλKρσ + 2KγρKσλBσγ
)
+
(∇λKγρ − nρKσλKγσ) ([R]hγ(β − 2Bγ(β)nµ) − 12nµnβnρKσλ∇σ[R]
+∇λ∇ρBβµ − 2KγρBγ(βKµ)λ − nρKσλ∇σBβµ + nρhσλ∇σrβµ. (72)
Let us stress the fact that all the terms in the first two lines in the above expression are
symmetric in (λρ).
Concerning Aρβµ, let us first decompose it into normal and tangential parts by
Aρβµ = nρAβµ + h
γ
ρAγβµ, Aβµ := n
ρAρβµ, Aβµ = Aµβ.
In order to obtain an expression for hγρAγβµ we take the antisymmetric part of (71) with
respect to [λρ], and contract with nλ. For the left hand side of (71) we use the Ricci
identity applied to the Ricci tensor at both sides V ±, and take the difference of the limits
on Σ, so that
[(∇λ∇ρ −∇ρ∇λ)Rβµ] = [RγβρλRγµ] + [RγµρλRβγ].
For the right hand side of (71), after the contraction with nλ, we get
Aρβµ − nλnρAλβµ − nλhσρ∇σ[∇λRβµ] = hγρAγβµ − nλhσρ∇σ[∇λRβµ].
Isolating hγρAγβµ and using (72) for the last term of the above equation, it is then straight-
forward to obtain
Aρβµ = nρAβµ + n
ν [RγβρνRγµ] + n
ν [RγµρνRβγ] + h
σ
ρ∇σrβµ
−1
2
nµnβK
σ
ρ∇σ[R]−Kσρ∇σBβµ − [R]KσρKσ(βnµ) + 2KσρKγσBγ(βnµ). (73)
The expression for [∇λ∇ρRβµ] now follows by combining (71) with (72) and (73). After
little rearrangements, that reads
[∇λ∇ρRβµ] = nλnρAβµ + nλnν ([RγβρνRγµ] + [RγµρνRβγ]) + 2n(λhρ)σ∇σrβµ
−nµnβn(λKρ)σ∇σ[R]− 2n(λKρ)σ∇σBβµ − 2[R]n(λKρ)σKσ(βnµ)
+4n(λKρ)
σKγσBγ(βnµ) + 2n(µKβ)(λ∇ρ)[R] + [R]Kρ(βKµ)λ − 4Kγ(ρ∇λ)Bγ(βnµ)
+nβnµ
(
1
2
∇λ∇ρ[R]− [R]KσλKρσ + 2KγρKσλBσγ
)
+Kλρrβµ
+∇λKγρ
(
[R]hγ(β − 2Bγ(β
)
nµ) +∇λ∇ρBβµ − 2KγρBγ(βKµ)λ. (74)
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We must stress the fact that there are still terms in (74), i.e. Aβµ and rβµ, that are not
completely independent.
The contraction of (74) with gρλ yields
[Rβµ] = Aβµ +Krβµ + nµnβ
(
1
2
[R]− [R]KρσKρσ + 2KσρKγρBσγ
)
+2n(µh
λ
β)
(
∇ρ[R]Kρλ − 2Kγρ∇ρBγλ +
1
2
∇ρKρλ −∇ρKργBγλ
)
+[R]KρβK
ρ
µ +Bβµ − 2KγρKρ(µBβ)γ, (75)
while contracting with gβµ we obtain [18]
[∇ν∇µR] = Aρρnνnµ + 2n(ν∇µ)b− 2n(νKλµ)∇λ[R] + bKνµ +∇ν∇µ[R]. (76)
From any of the previous we readily have
[R] = Aρρ + bK +[R]. (77)
The energy-momentum quantities (51-53) will arise from the discontinuities of the
normal components of the lefthand side of (20). In other words, we will only need to
consider nα[G
(2)
αβ ]. Observe then that Aβµ only appears in [Rβµ], and since we only need
the terms contracted with the normal once, in particular nβ[Rβµ], we are only interested
in controlling nβAβµ. This can be done by using the identities 2∇ρR±ρµ = ∇µR± at both
sides of Σ, and taking the difference after one further differentiation:
nν [∇ν∇ρRρµ] = 1
2
nν [∇ν∇µR]. (78)
The lefthand side here comes from (71) combined with (73) after one contraction, whereas
for the righthand side we simply have to contract (76) with nν . Equation (78) is thus
found to be equivalent to
nρAρµ + n
σ (−[RγσRγµ] + [RγµρσRγρ]) + hβσ∇σrβµ −Kβσ∇σBβµ
−nµ
(
1
2
[R]KρσK
ρσ −KσβKγσBγβ
)
=
1
2
(
Aρρnµ +∇µb−Kλµ∇λ[R]
)
. (79)
5.4 Discontinuities of terms quadratic in the curvature
Now, let us concern ourselves with the many terms in (21) quadratic in curvature tensors.
To start with, using (61) with (157) we readily obtain
[RαβR
αβ] = 2[Rαβ]RΣαβ =
(
Bαβ +
1
2
[R]nαnβ
)
RΣαβ, (80)
[RRαβ] = R
Σ[Rαβ] + [R]R
Σ
αβ = R
Σ
(
Bαβ +
1
2
nαnβ[R]
)
+RRΣαβ, (81)
[R2] = 2[R]RΣ. (82)
Regarding nα[RαµR
µ
β], let us first consider the contraction n
σnµ[RγσRγµ]. The chain of
equalities
nσnµ[RγσRγµ] = 2n
σnµRΣγσ[Rγµ] = [R]n
γnµRΣγµ (83)
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follows from (61) and (157). Half-adding the two ± equations (154) and using the result
in (83) we derive
nσnµ[RγσRγµ] =
1
2
[R](RΣ −R + (Kρρ)2 −KρσKρσ). (84)
Analogous procedures using the Gauss equation (149) accordingly yield
nσhµν [R
γ
σRγµ] = Bαν(∇βKβα −∇αKρρ) +
1
2
[R](∇αKαν −∇νKρρ), (85)
nαnβ[RαµβνR
µν ] =
(
2RΣµν −Rµν +KρρKµν −KµσKσν
)
Bµν , (86)
nαhβλ[RαµβνR
µν ] = (∇βKλα −∇λKβα)Bαβ − (∇αKαβ −∇βKρρ)Bβλ. (87)
nαnβ[RαρµνRβ
ρµν ] = 4nαnβ[RαµβνR
µν ]− 4RΣρσBρσ, (88)
nαhβλ[RαρµνRβ
ρµν ] = 2Bαβ(∇αKλβ −∇λKαβ), (89)
[RαβµνR
αβµν ] = 2nαnβ[RαρµνRβ
ρµν ] = 8Bαβ(RΣαβ −Rαβ +KρρKαβ −KαρKρβ). (90)
5.5 Discontinuities of the quadratic part [G
(2)
αβ ]
We are now ready to compute the full nα[G
(2)
αβ ]. To keep track of the different terms, we
split the compilation of terms in three parts, corresponding to the terms multiplied by
either of the three constants a1, a2, a3 in (21).
• Terms with a1:
The terms in (21) that go with a1 are
G
(2)a1
αβ := 2RRαβ − 2∇β∇αR−
1
2
gαβR
2 + 2gαβR,
and we can compute their jump using (81), (76) and (77) to obtain
nαnβ[G
(2)a1
αβ ] = 2[R]R
Σ
αβn
αnβ + 2bKρρ + 2[R] (91)
and
nαhβµ[G
(2)a1
αβ ] = 2[R]R
Σ
αβn
αhβµ − 2∇µb+ 2Kαµ∇α[R]. (92)
• Terms with a2:
The terms in (21) relative to a2 are
G
(2)a2
αβ := 2RαµβνR
µν −∇β∇αR +Rαβ − 1
2
gαβ (RµνR
µν −R) .
Before using (86) and (87) it is convenient to write down nα[Rαβ] using (75)
combined with (79), since some terms simplify. With the help of (86), (87), (76),
(81) and (66-68) it is then easy to get
nαnβ[G
(2)a2
αβ ] =
b
2
Kρρ +[R] +
1
4
[R](RΣ −R + (Kρρ)2)−
3
4
[R]KρσK
ρσ
+RρσKρσ +∇ρ∇µ[Gρµ] +Bµν(RΣµν −Rµν +KρρKµν), (93)
nαhβµ[G
(2)a2
αβ ] = −
1
2
∇µb+ 3
2
Kαµ∇α[R] + [R]
(
∇αKαµ −
1
2
∇µK
)
−∇αRαµ +Kαµ∇ν [Gνα]
+Bαβ(∇βKαµ −∇µKαβ)−Bαµ∇βKαβ −Kαβ∇βBαµ. (94)
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• Terms with a3:
Regarding a3 we have
G
(2)a3
αβ := −4RαµRµβ+2RαρµνR ρµνβ +4RαµβνRµν−2∇β∇αR+4Rαβ−
1
2
gαβRργµνR
ργµν .
All terms have already appeared except for the last one, for which we use (90).
Straightforward calculations lead to
nαnβ[G
(2)a3
αβ ] = 4RαβKαβ + 4∇α∇β[Gαβ] + 4[Gαρ]KαβKρβ + 2[R]
+4Bαβ(RΣαβ −Rαβ +KαβKρρ −KαρKρβ), (95)
nαhβµ[G
(2)a3
αβ ] = +4K
α
µ∇β[Gβα]− 4∇αRαµ + 4Kαµ∇α[R]− 4∇β(BαµKαβ)
+2[R]∇αKαµ − 4Bβµ∇αKαβ + 4Bαβ(∇βKαµ −∇µKαβ). (96)
Collecting all the above, we finally obtain
nαnβ[G
(2)
αβ ] = κ1
{
bKρρ +[R] +
1
2
(
RΣ −R + (Kρρ)2 −KρσKρσ
)}
+κ2
{
2RαβKαβ + 2∇α∇β[Gαβ] + 2Bαβ(RΣαβ −Rαβ +KαβKρρ −KαρKρβ)
+2[Gαµ]K
αβKµβ +[R]
}
(97)
nαhβµ[G
(2)
αβ ] = κ1
{
[R](∇αKαµ −∇µKρρ)−∇µb+Kαµ∇α[R]
}
+κ2
{
−2∇αRαµ + 2Kαµ∇β[Gβα] + 2Bαβ(∇βKαµ −∇µKαβ) + 2Kαµ∇α[R]
+ [R]∇αKαµ − 2Bαµ∇βKαβ − 2Kαβ∇βBαµ
}
. (98)
Remark: As a final remark, we would like to stress that all the discontinuities com-
puted in this section 5 are purely geometrical, and therefore valid in any theory based on
a Lorentzian manifold whenever (28) holds.
6 Field equations on the layer Σ
Relations (97) and (98) are the equations we were looking for, but we wish to rewrite
them in terms of the (derivatives of) the energy-momentum quantities supported on Σ
given in (51-53) and (57). Observe, first of all, that the three relations (66), (67) and (68)
allow us to rewrite the energy-momentum contents supported on Σ (51-53) as follows
κταβ = −(κ1 + κ2)[R]Kαβ + κ1bhαβ + 2κ2Rαβ, (99)
κτα = −(κ1 + κ2)∇α[R]− 2κ2∇ρ[Gρα], (100)
κτ = (κ1 + κ2)[R]K
ρ
ρ + 2κ2K
ρσ[Gρσ], (101)
and using the definition of the double-layer strength (57) the last two here can be rewritten
as
τα = −∇ρµρα, (102)
τ = Kρσµρσ. (103)
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Now, a direct computation provides the following expressions for some combinations
of derivatives of these objects:
κ
(
∇βταβ +Kρρτα +∇ατ
)
= −(κ1 + κ2)
(
Kα
β∇β[R] + [R](∇βKαβ −∇αKρρ)
)
+κ1∇αb+ 2κ2(∇βRαβ +∇α(Kρσ[Gρσ]) +Kρρ∇µ[Gµα]), (104)
κ
(
ταβK
αβ −∇ατα
)
= (κ1 + κ2)([R]− [R]KρσKρσ) (105)
+κ1bK
ρ
ρ + 2κ2(K
ρσRρσ +∇α∇β[Gαβ]). (106)
Using these, equations (98) and (97) become respectively (after some rewriting using (150)
and (151) and (20))
κ
(
nαhρβ[Tαρ] +∇
α
ταβ +K
ρ
ρτβ +∇βτ
)
= 2κ2
{
Kαρ∇β[Gαρ]−Kρρ∇α[Gαβ]
+∇ρ([Gαρ]Kαβ)−∇ρ([Gαβ]Kαρ)
}
,
κ
(
nαnβ[Tαβ] +∇ατα − ταβKαβ
)
= (κ1 + κ2)[R]
(
nαnβRΣαβ +KαβK
αβ
)
+2κ2[G
µν ]
(
nαnγRΣαµγν +K
ρ
µKνρ
)
.
Using now the definition of the strength (57) these become
nαhρβ[Tαρ] +∇
α
ταβ +K
ρ
ρτβ +∇βτ = Kαρ∇βµαρ −Kρρ∇αµαβ
+∇ρ(µαρKαβ)−∇ρ(µαβKαρ)
nαnβ[Tαβ] +∇ατα − ταβKαβ = µµν
(
nαnγRΣαµγν +K
ρ
µKνρ
)
.
Recalling here the relations (102) and (103) between τα and τ with the double-layer
strength µαβ, we finally obtain the following field equations
nαhρβ[Tαρ] +∇
α
ταβ = −µαρ∇βKαρ +∇ρ(µαρKαβ)−∇ρ(µαβKαρ),
nαnβ[Tαβ]− ταβKαβ = ∇α∇βµαβ + µµν
(
nαnγRΣαµγν +K
ρ
µKνρ
)
.
(107)
(108)
These are the fundamental field equations satisfied by the energy-momentum quantities
(51) and (57) within Σ. They generalize the classical Israel equations of GR [11] and they
are very satisfactory from a physical point of view. They possess an obvious structure with
a clear interpretation as energy-momentum conservation relations. There are three type
of terms in these relations. The first type is given by the corresponding first summands
on the lefthand side. They simply describe the jump of the normal components of the
energy-momentum tensor across Σ. Therefore, they are somehow the main source for the
energy-momentum contents in Σ. The second type of terms are those on the lefthand side
involving ταβ, the energy-momentum tensor in the shell/layer Σ. We want to remark that
the first equation (107) provides the divergence of ταβ. Finally, the third type of terms
are those on the righthand side, involving the strength µαβ of a double layer. These terms
act also as sources of the energy-momentum contents within Σ, combined with extrinsic
geometric properties of Σ and curvature components in the space-time.
An alternative version of (107), after use of the Codazzi equation (152), reads
nαhρβ[Tαρ] +∇
α
ταβ = µ
αρnσRΣσαλρh
λ
β +Kαβ∇ρµαρ −∇ρ(µαβKαρ). (109)
Note that the allowed jumps in the Riemann tensor (60) lead to nσ[Rσαλρ]h
α
γh
λ
βh
ρ
ξ =
0 and therefore the term µαρnσRΣσαλρh
λ
β in the last formula can be written simply as
µαρnσRσαλρh
λ
β.
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7 Energy-momentum conservation
The divergence of the lefthand side of the field equations (20) vanishes identically due to
the Ricci and Bianchi identities, and therefore, the conservation equation for the energy-
momentum tensor ∇µT µν = 0 follows. In our situation, however, we are dealing with
tensor distributions, and with (20) considered in a distributional sense. The question
arises if whether or not the energy-momentum tensor distribution (50) is covariantly
conserved. We know that the Bianchi and Ricci identities hold for distributions (see Ap-
pendices), hence it is expected that the divergence of the T µν vanishes when distributions
are considered. In this section we prove that this is the case, when taking into account
the fundamental field equations (107) and (108). The following calculation can be al-
ternatively seen, therefore, as an independent derivation of (107) and (108) —from the
covariant conservation of T µν .
From (48) and (138) we directly get
∇αTαβ = nα[Tαβ]δΣ +∇α(T˜αβδΣ) +∇αtαβ. (110)
Let us first compute the middle term on the righthand side. From the orthogonal decom-
position (49)
∇α(T˜αβδΣ) = ∇α
({τβ + τnβ}nαδΣ)+∇α ({ταβ + ταnβ} δΣ)
and using the general formula (163) the second summand can be expanded to get
∇α(T˜αβδΣ) = ∇α
({τβ + τnβ}nαδΣ)+ (∇αταβ − ταρKαρnβ + ταKαβ + nβ∇ατα) δΣ
so that with the help of (102) we get
∇α(T˜αβδΣ) = ∇α
({τβ + τnβ}nαδΣ)
+
(∇αταβ − ταρKαρnβ −Kαβ∇ρµρα − nβ∇α∇ρµαρ) δΣ. (111)
With respect to the last term in (110), on using definitions (56) and (57) we can write for
any test vector field Y β and using the Ricci identity〈∇αtαβ, Y β〉 = − 〈tαβ,∇αY β〉 = ∫
Σ
µαβn
ρ∇ρ∇αY βdσ
=
∫
Σ
(
µαβn
ρ
{∇α∇ρY β +RβσραY σ}) dσ
=
∫
Σ
µαβn
ρ∇α∇ρY βdσ −
〈
nρµασRΣραβσδ
Σ, Y β
〉
.
The first integral here can be expanded as∫
Σ
µαβn
ρ∇α∇ρY βdσ =
∫
Σ
µαβ
{∇α(nρ∇ρY β)−Kαρ∇ρY β} dσ
=
∫
Σ
nρ∇ρY β
(
µασK
ασnβ −∇αµαβ
)
dσ −
∫
Σ
µαβK
αρ
(
∇ρY β + (nσY σ)Kρβ
)
dσ
=
∫
Σ
(τnβ + τβ)n
ρ∇ρY βdσ +
∫
Σ
Y β
(∇ρ(µαβKαρ)− nβµασKαρKρσ) dσ
= − 〈∇α ({τβ + τnβ}nαδΣ) , Y β〉+ 〈(∇ρ(µαβKαρ)− nβµασKαρKρσ) δΣ, Y β〉
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so that we arrive at
∇αtαβ = −∇α
({τβ + τnβ}nαδΣ)+ (∇ρ(µαβKαρ)− nβµασKαρKρσ − nρµασRΣραβσ) δΣ.
(112)
Adding up (111) and (112) to (110) we finally obtain
∇αTαβ =
{
nα[Tαβ] +∇αταβ − ταρKαρnβ +∇ρ(µαβKαρ)
−nβµασKαρKρσ − nρµασRΣραβσ −Kαβ∇ρµρα − nβ∇α∇ρµαρ
}
δΣ.
The fundamental equations (108) and (109) prove the vanishing of this expression leading
to
∇αTαβ = 0
as claimed. As remarked in [19, 20], this calculation shows that the double-layer energy-
momentum distribution tαβ is essential to keep energy-momentum conservation. Without
the double-layer contribution the total energy-momentum tensor distribution Tαβ would
not be covariantly conserved.
8 Matching hypersurfaces, thin shells and double lay-
ers
Once we have discussed the junction in the case of gravity theories with quadratic terms,
and have obtained the corresponding field equations on Σ, we are in disposition to analyze
their consequences. Before entering into this discussion, it is convenient to remark the
following important result.
Result 8.1 If there is no double layer (that is µαβ = 0), then there can be neither external
flux momentum τα nor external pressure/tension τ .
This follows directly from expressions (102) and (103). In other words, there exist non-
vanishing external flux momentum and/or external pressure/tension only if there is a
double layer.
Thus, there are three levels of junction depending on whether or not thin shells and/or
double layers are allowed. We will term them as:
• Proper matching: this is the case where the matching hypersurface Σ does not
support any distributional matter content, describing simply an interface with jumps
in the energy-momentum tensor, so that there are neither thin shells nor double
layers. This situation models, for instance, the gravitational field of stars (non-
empty interior) with a vacuum exterior. Or the case of vacuoles in cosmological
surroundings.
• Thin shells, but no double layer: This is an idealized situation where an enormous
quantity of matter is concentrated on a very thin region mathematically described
by Σ but no double layer is permitted to exist. Thus, delta-type terms proportional
to δΣ are allowed, and the expression (51) provides the energy-momentum tensor
of the thin shell. However, from Result 8.1 the other possible quantities (52) and
(53) accompanying δΣ vanish identically. This situation is analogous to that in GR
24
where only (51) appears. The main difference with a generic quadratic gravity arises
in the explicit expression for (51), as the field equations turn out to adopt the same
form.
• Double layers: this is the general case with no further assumptions, which describes
a large concentration of matter on Σ, as in the previous case, but accompanied
with a brusque jump in the curvature of the spacetime. Still, there are several sub-
possibilities depending on the vanishing or not of any of (51), (52) or (53). There is
also an extreme possibility, that we term a pure double layer, where the thin shell
is not present but the double layer is: this is the case with all (51), (52) and (53)
vanishing but a non-vanishing (56). Nothing like any of these different possibilities
can be described in GR.
We classify the junction condition for these different cases in turn.
8.1 Thin shells without double layer
From (56) follows that the strength of the double layer µαβ must be set to zero, and thus
from (57) we have
(κ1 + κ2)[R]hαβ + 2κ2[Gαβ] = 0 =⇒ (κ2 + nκ1)[R] = 0, (113)
which implies that τ and τα both vanish (see Result 8.1). Hence, only the tangential part
of the distributional energy momentum tensor on Σ survives, given explicitly by (99). Its
trace, upon using (69), reads
κταα = (nκ1 + κ2)b−Kαβµαβ = (nκ1 + κ2)b. (114)
The equations (107) and (108) in this case read
nαhρβ[Tαρ] = −∇
α
ταβ, n
αnβ[Tαβ] = ταβK
αβ. (115)
Observe that, remarkably, these are identical with the Israel conditions derived in GR.
We have to distinguish whether κ2 = 0 or not.
• κ2 6= 0.
If (nκ1 + κ2) 6= 0 relations (113) imply that [R] = 0 and [Gαβ] = 0 in full. Direct
consequences are [Rαβ] = [Rαβµν ] = 0, and the discontinuities in the derivatives are
given by
[∇µRαβλν ] = (nαnλRβν − nαnνRβλ − nβnλRαν + nβnνRαλ)nµ, (116)
for some symmetric tensor Rαβ tangent to Σ. From (54) we get b = 2Rρρ and
therefore the energy-momentum tensor (51) on Σ just reads
κταβ = κ1bhαβ + 2κ2Rαβ.
With regard to the exceptional possibility nκ1 + κ2 = 0, equation (113) implies in
particular that the tensor Bαβ is proportional to the first fundamental form. The
explicit relation reads
Bαβ =
1
2n
[R]hαβ,
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which for the discontinuity of the Riemann tensor produces
[Rαβλµ] =
[R]
2n
(nαnλhβµ − nλnβhαµ − nµnαhβλ + nµnβhαλ) . (117)
Taking contractions in this last expression we find the allowed jumps in the Ricci
and Einstein tensor
[Rαβ] =
[R]
2
(
1
n
hαβ + nαnβ
)
⇒ [Gαβ] = 1− n
2n
[R]hαβ. (118)
Note [R] is the only degree of freedom allowed for the discontinuities of the curvature
tensors.
The remaining allowed discontinuities of the derivative of the Ricci tensor are en-
coded in rαβ = n
µ[∇µRαβ], so that
[∇µRαβ] = rαβnµ + 1
2
(
nαnβ +
1
n
hαβ
)
∇µ[R] +
(
1− n
2n
)
[R] (nαKβµ + nβKαµ) .
(119)
Recalling that b = rαα = n
ρ[∇ρR] the explicit form of the energy momentum tensor
on Σ can be obtained from (99). Due to (114), ταβ is traceless. Nevertheless, the
relevance of this exceptional case is probably marginal, as the coupling constants
satisfy a dimensionally dependent condition.
• κ2 = 0.
We have to assume then that κ1 6= 0, as otherwise all the terms (51), (52) and
(53) vanish identically and thus there are no thin shells. Let us also recall that a2
and a3 are assumed not to vanish simultaneously, as that case was fully analysed in
[18, 19, 20], so it would be more precise to label this case as a2 = −4a3 with a1 6= a3.
This case reduces to the condition [R] = 0 (see (113)). All the remaining jumps on
the curvature tensor and its derivatives are allowed. The energy-momentum tensor
on Σ is just given by
κταβ = κ1bhαβ, (120)
with b = nα[∇αR], and therefore the thin shell Σ only contains, at most, a “cosmo-
logical constant”-type of matter content.
8.2 Proper matching hypersurface
In addition to the requirement imposed in the previous case of thin shells, we demand
now that the full T˜αβ vanishes. Thus we have to add ταβ = 0 to the conditions discussed
in the previous Subsection 8.1. In general, from (115) we have
nα[Tαβ] = 0 (121)
which adopt exactly the same form as in GR and we call the generalized Israel conditions.
They imply the continuity of the normal components of the energy-momentum tensor
across Σ.
Again, we have to distinguish two cases depending on whether κ2 vanishes or not.
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• κ2 6= 0.
If (nκ1 + κ2) 6= 0, we already know from the previous section that [R] = 0 and
[Gαβ] = 0. The trace relation (114) provides b = 0 and moreover ταβ = 0 implies,
via (99),Rαβ = 0. Plugging this information into (116) it follows that the derivatives
of the curvature tensors do not present discontinuities.
Result 8.2 In the generic case with 4a3 + a2 6= 0 and 4a3 + (1 + n)a2 + 4na1 6= 0,
the full set of matching conditions amount to those of GR (agreement of the first
and second fundamental forms on Σ) plus the agreement of the Ricci tensor and its
first derivative on Σ:
[Rαβ] = 0, [∇ρRαβ] = 0. (122)
This actually implies that the full Riemann tensor and its first derivatives have no
jumps across Σ:
[Rαβλµ] = 0, [∇ρRαβλµ] = 0.
With regard to the exceptional possibility κ2+nκ1 = 0, the curvature tensors satisfy
(117) and (118). Now ταβ = 0 provides
Rαβ = 1
2n
((n− 1)[R]Kαβ + bhαβ) ,
and thus rαβ = n
ρ[∇ρRαβ] gets determined in terms of [R] and b, so that (119) for
[∇µRαβ] reads
[∇µRαβ] =
(
1
2n
((n− 1)[R]Kαβ + bhαβ)− 2n(α∇β)[R] +
(
b
2
+
1− n
2n
[R]Kρρ
)
nαnβ
)
nµ
+
1
2
(
nαnβ +
1
n
hαβ
)
∇µ[R] +
(
1− n
2n
)
[R] (nαKβµ + nβKαµ) .
Hence, the entire set of discontinuities of the Riemann tensor and its first derivative
can be written just in terms of [R] and b = nρ[∇ρR], which remain as two free
degrees of freedom. As mentioned before, this case is probably irrelevant due to its
defining condition depending on the dimension n.
• κ2 = 0 but κ1 6= 0.
From the results from the previous section we know that [R] = 0 and the energy
momentum on Σ is given by (120). Thus, for a proper matching we find b = 0. The
discontinuity in the derivative is
[∇µRαβ] = nµ
(
[Rρν ]K
ρνnαnβ − 2∇ρ[Rρ(β]nα) +Rαβ
)
+ ∇µ[Rαβ]− 2Kρµ[Rρ(α]nβ),
where also Rρρ = −Kαβ[Rαβ].
• κ1 = κ2 = 0.
Or equivalently a1 = a3 = −a2/4. In this case all the terms (51), (52) and (53)
and (56) vanish identically and thus there are no further restrictions other than
[Kab] = 0. The junction conditions are just the same as in GR. This is the case
where the quadratic part of the Lagrangian (19) is the Gauss-Bonnet term [14].
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8.3 The double layer fauna; pure double layers
The generic occurrence in quadratic gravity, as shown above, is that any thin shell comes
accompanied by a double layer, which in turn generically implies the existence of non-
zero external pressure/tension and external flux momentum. However, there are several
special possibilities in which one of these quantities, or all, disappear. This gives rise to a
fauna of different kinds of double layers. There is also the possibility that the double layer
term (56) is non-zero while the remaining distributional part in the energy-momentum
tensor, that is T˜αβδ
Σ, vanishes. In other words, a double layer without a classical thin
shell. We call such a case a pure double layer. In the rest of this section we explore this
novel possibility.
For pure double layers, the vanishing of the external pressure τ plus the energy flux
τα first imply, by virtue of (52) and (102)
µαβK
αβ = 0, ∇ρµρα = 0. (123)
In particular, then, the double layer strength is conserved.
The first equation in (123) yields
(κ1 + κ2)[R]K
σ
σ + 2κ2K
ρσ[Gρσ] = 0 (124)
while the second gives
(κ1 + κ2)∇α[R] + 2κ2∇ρ[Gρα] = 0. (125)
Equation (124) combined with the vanishing of the trace of ταβ provides
(κ1n+ κ2)b = 0 (126)
so that, generically — nκ1 + κ2 6= 0 — one has b = 0. A first consequence is that the
jump in the derivative of the Ricci scalar is now tangent to Σ and fully determined by
the tangent derivative of [R]
[∇αR] = ∇α[R]. (127)
The vanishing of ταβ, using (51), is now equivalent to
κ2Rαβ = (κ1 + κ2) [R]
2
Kαβ. (128)
The expression for the discontinuity of the normal derivative of the Ricci tensor has to be
studied depending on κ2 vanishing or not.
• κ2 6= 0
The relations above allow us to write the discontinuity of the normal derivative of
the Ricci tensor as
rαβ =
1
2
(
1 +
κ1
κ2
)
([R]Kαβ + nβ∇α[R] + nα∇β[R]−K[R]nαnβ),
whereas the tangent part of the derivative keeps its original form given in (70).
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• κ2 = 0 (and κ1 6= 0).
Equations (125) and (128) read
∇α[R] = 0, [R]Kαβ = 0, (129)
and (124) is automatically satisfied. Thus, (127) implies [∇αR] = 0. Observe that
since κ2 = 0, (57) establishes that the strength of the double layer is proportional
to [R]. Hence, in order to have a nonzero µαβ, [R] cannot vanish. Then Kαβ = 0
necessarily, and the allowed jumps are encoded in [Rαβ] and rαβ.
For completeness, we provide finally the formulas for the exceptional case nκ1 +κ2 = 0
—discarding κ1 = κ2 = 0 for which the double layer simply disappears. The equations
τ = 0, τα = 0 and ταβ = 0 result, respectively, in
(1− n)[R]Kββ − 2nKαβ[Gαβ] = 0,
(1− n)∇α[R]− 2n∇ρ[Gρα] = 0,
(1− n)[R]Kαβ − bhαβ + 2nRαβ = 0.
While the third equation provides Rαβ, the first two constitute constraints on the allowed
jumps of the Ricci tensor that should be analysed in each particular situation. In all
cases, the allowed discontinuity in the derivative of the Ricci tensor can be written as
rαβ = − 1
2n
((1− n)[R]Kαβ − bhαβ)− 1− n
2n
(
nβ∇α[R] + nα∇β[R]
)
+
1
2
(
b+
1− n
n
[R]Kρρ
)
nαnβ.
Observe that now the strength of the double layer is traceless, µρρ = 0 (see e.g.(58)).
9 Consequences
The proper matching conditions in GR are the agreement of the first and second funda-
mental forms on Σ. Therefore, any matching hypersurface in GR satisfies (28), and the
allowed jumps in the energy-momentum tensor are equivalent to non-vanishing disconti-
nuities of the Ricci (and Riemann) tensor. Thus, in GR properly matched space-times
will generally have [Rαβ] 6= 0.
This simple known fact implies that any GR-solution containing a proper matching
hypersurface will contain a double layer and/or a thin shell at the matching hypersurface
if the true theory is quadratic !
At least two relevant consequences follow from this fact: (i) generically, matched
solutions in GR are no longer solutions in quadratic theories; and (ii) if any quantum
regimes require, excite or switch on quadratic terms in the Lagrangian density, then GR
solutions modelling two regions with different matter contents will develop thin shells and
double layers on their interfaces. Let us elaborate.
Consider, for instance, the case of a perfect fluid matched to a vacuum in GR. As is
well known, the GR matching hypersurface is determined by the condition that
pGR|Σ = 0
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where pGR is the isotropic pressure of the fluid in GR. It follows that the Ricci tensor has
a discontinuity of the following type
[Gαβ] = κ%
GRuαuβ
∣∣
Σ
, [Rαβ] = κ%
GR
(
uαuβ +
1
n− 1gαβ
)∣∣∣∣
Σ
uα being the unit velocity vector of the perfect fluid. Therefore, using (99-101) and
(56) we see that the very same space-time has, in any quadratic theory of gravity, an
energy-momentum tensor distribution with all type of thin-shell and double-layer terms.
Imagine the situation of a collapsing perfect fluid (to form a black hole, say) with
vacuum exterior. Then one can use any of the known solutions in GR to describe this
situation —the reader may have in mind, for instance, the Oppenheimer-Snyder model.
The GR solution describes this process accurately in the initial and intermediate stages,
when the curvature of the space-time is moderate and the values of a1R
2, a2RαβR
αβ
and a3RαβµνR
αβµν for instance, or other similar quantities, are small enough to render
any quadratic terms in the Lagrangian totally negligible. However, as the collapse pro-
ceeds and one approaches the black hole regions —and later the classical singularity–,
regimes with very high curvatures are reached. Then, the quadratic terms coming from
any quantum corrections (be they from string theory counter-terms, or any other) to the
Einstein-Hilbert Lagrangian start to be important, and actually to dominate, the curva-
ture being enormous. In this regime, the original matching hypersurface becomes actually
a thin double layer.
Of course, the description of a global space-time via a matching is an approximation,
and also the use of tensor distributions is also just another approximation to a real situa-
tion where a gigantic quantity of matter can be concentrated around a very thin region of
the space-time. Nevertheless, both approximations are satisfactory in the sense that they
are believed to actually mimic a realistic situation where the layer is thick and the jumps
in the energy variables are extremely big, but finite. If this is the case, then the above
reasoning seems to imply that, if quadratic theories of gravity are correct, at least in some
extreme regimes, then a huge concentration of matter will develop around the interface
of the interior and the exterior of the collapsing star. And this huge concentration will
generically manifest as a shell with double-layer properties.
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Appendices
A Tensor distributions
Let D(V ) be the set of sufficiently differentiable tensor fields of any order with compact
support on the (oriented) Lorentzian manifold (V, g) and denote by Dqp the subset of p-
covariant q-contravariant such tensor fields. The elements of these sets are called test
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tensor fields. The definition of tensor distributions is as follows (see, for instance [13, 15,
22])
Definition A.1 (Tensor distribution) A p-covariant q-contravariant tensor distribu-
tion χqp is a linear and continuous functional
χqp : Dpq → R
Y pq → χqp
(
Y pq
)
:=
〈
χqp, Y
p
q
〉
.
The set of tensor distributions of the same type constitutes a R-vector space with the
natural definitions. This set also contains all locally integrable tensor fields: any p-
covariant q-contravariant tensor field T qp defines a unique tensor distribution T
q
p by means
of
T qp : Dpq → R
Y pq →
〈
T qp, Y
p
q
〉 ≡ ∫
V
(
T qp , Y
p
q
)
η
where η is the volume element (n+ 1)-form and (T, Y ) is a shorthand for the scalar
(T qp , Y
p
q ) := T
ν1...νq
µ1...µp
Y µ1...µpν1...νq
Observe that, following [15], we use the convention of distinguishing between a tensor
field and its associated tensor distribution by using an underline. We will also put an
underline on some other tensor distributions, not associated to tensor fields, to emphasize
their distributional character.
Definition A.2 (Tensor distribution components) The components of a (p, q)-tensor
distribution χ relative to dual bases {θµ}, {~eµ} are scalar distributions χα1···αqβ1···βp defined by〈
χ
α1···αq
β1···βp , Y
〉
:=
〈
χqp, Y θ
α1 ⊗ · · · ⊗ θαp ⊗ ~eβ1 ⊗ · · · ⊗ ~eβq
〉
where Y is any test function.
It easily follows 〈
χqp, Y
p
q
〉
=
〈
χ
α1···αq
β1···βp , Y
β1···βp
α1···αq
〉
. (130)
Contraction of indexes are then well-defined and independent of the basis for tensor
distributions.
A tensor distribution χqp is said to vanish on an open set U ⊂ V if〈
χqp, Y
p
q
〉
= 0
for all test tensor fields with support contained in U .
Definition A.3 (Support of tensor distributions) The support of a tensor distribu-
tion χqp is the complement in V of the union of all open sets where χ
q
p vanishes.
The support of a tensor distribution is always a closed set.
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Definition A.4 (Tensor product by tensor fields) The tensor product of a tensor
distribution χqp by a tensor field T
r
s —defined on a neighbourhood of the support of χ
q
p—
is the (p+ s)-covariant (q + r)-contravariant tensor distribution acting as〈
T rs ⊗ χqp, Y s+pr+q
〉 ≡ 〈χqp, (T, Y )pq〉
where (T, Y )pq ∈ Dpq is given, in any basis, by
(T, Y )µ1...µpν1...νq := T
ρ1...ρr
σ1...σs
Y σ1...σsµ1...µpρ1...ρrν1...νq
Sometimes, for this product to make sense it is enough that the tensor field T rs is defined
just on the support of χqp, however this will not be the case when derivatives are involved.
Care must be taken with this problem.
Tensor distributions can be differentiated (by acting on differentiable elements of
D(V )). The main definition is as follows.
Definition A.5 (Covariant derivative of tensor distributions) The covariant deriva-
tive ∇χqp of a (p, q)-tensor distribution χqp is the (p+ 1, q)-tensor distribution defined by〈∇χqp, Y p+1q 〉 := − 〈χqp, (DY )pq〉
where (DY )
α1···αp
β1···βq := ∇µY
µα1···αp
β1···βq .
This definition is well posed in the sense that it recovers the usual covariant derivative
for differentiable tensor fields:
∇T = ∇T .
The components of ∇χqp in any basis are denoted by ∇µχα1···αqβ1···βp .
B Matching hypersurfaces and thin shells
Consider the case where the spacetime (V, g) contains a hypersurface Σ such that the
metric tensor (or its first derivatives) may be not differentiable across Σ. In that case,
its derivatives and the Christoffel symbols may not exist at points of Σ —but they do
outside this hypersurface. Similarly, the curvature tensors and their derivatives will not
be defined on Σ as tensor fields. However, given that the metric tensor g is continuous,
it defines a tensor distribution g which can be differentiated in the distributional sense.
Thus, one can define the curvature and its derivatives as tensor distributions.
To that end, define the Σ-step function θ : V → R as
θ =

1 V +
1/2 on Σ
0 V −
(131)
This function is locally integrable so that it defines a scalar distribution θ:
〈θ, Y 〉 =
∫
V +
Y η
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whose covariant derivative is a one-form distribution with support on Σ acting as〈
∇θ, ~Y
〉
= −
〈
θ,D~Y
〉
= −
∫
V +
∇µY µη =
∫
Σ
Y µdσµ =
∫
Σ
Y µnµdσ
where dσµ = nµdσ is oriented from V
− towards V +, nµ is the unit normal to Σ, and thus
dσ is its canonical volume element n-form. It arises a natural scalar distribution δΣ with
support on Σ defined by 〈
δΣ, Y
〉
:=
∫
Σ
Y dσ . (132)
This distribution can act on every locally integrable test function defined at least at the
points of Σ. Similarly, it can be multiplied by any locally integrable tensor field defined
at least on Σ. Observe in particular, from the above, that
∇µ θ = nµ δΣ. (133)
Let T be any (p, q)-tensor field which (i) may be discontinuous across Σ, (ii) is differ-
entiable on V + and V −, and (iii) such that T and its covariant derivative have definite
limits on Σ coming from both V + and V −. We will use the notation T± for the restriction
of T to V ± respectively. The tensor distribution associated to such a T , which exists
because the tensor is locally integrable, is
T = T+θ + T− (1− θ) . (134)
By definition, we also take
T := T+θ + T− (1− θ)
as the tensor field defined everywhere, and thus at each point of Σ
TΣ := T |Σ = 1
2
(
lim
x →
V+
Σ
T+(x) + lim
x →
V−
Σ
T−(x)
)
. (135)
The covariant derivative of T can be shown to be [15]
∇T = ∇T+θ +∇T−(1− θ) + n⊗ [T ] δΣ (136)
where [T ] is a a (p, q)-tensor field defined only on Σ, that we call the “jump” or the
“discontinuity” of T at Σ and is defined as
∀q ∈ Σ, [T ] (q) ≡ lim
x →
V+
q
T+(x)− lim
x →
V−
q
T−(x) . (137)
The index version of (136) reads
∇µ Tα1...αqβ1...βp = ∇µT
+α1...αq
β1...βp
θ +∇µT−α1...αqβ1...βp (1− θ) +
[
T
α1...αq
β1...βp
]
nµδ
Σ. (138)
Formula (133) is just a particular case of this general formula.
It must be noticed that formula (136), or (138), is precisely the formula one would
derive by using a naif calculation starting from (134), applying Leibniz rule and using
(133). However, such a naif approach cannot be used when the tensor distribution to be
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differentiated involves non-tensorial distributions —such as δΣ. For instance, one may be
tempted to compute the second covariant derivative of θ starting from (133) and write
∇ν∇µθ Z= ∇νnµ δΣ + nµ∇νδΣ wrong!!
Neither term on the righthand side is well defined due the the fact that nµ exists only
on Σ and therefore its derivatives non-tangent to Σ are not defined at all. Nevertheless,
∇ν∇µθ is certainly well defined as a distribution, and one can compute an explicit formula
by following strictly the rules of tensor-distribution derivation and multiplication. This is
done in full generality in Appendix D.3, formula (163), which provides the sought result
in (164) as well as later the formula (168).
C Curvature tensor distributions
We are now prepared to compute the connection and the Riemann tensor in the distri-
butional sense. Recall that the metric g is continuous across Σ and can be written as a
function or as a distribution
g = g+θ + g− (1− θ) , g = g+θ + g− (1− θ) .
As in the general rule (138) one deduces
∂αgµν = ∂αg
+
µνθ + ∂αg
−
µν(1− θ)
from where, using the standard formula, one can construct the Christoffel symbols as
distributions
Γαβγ = Γ
+α
βγθ + Γ
−α
βγ (1− θ) (139)
where Γ±αβγ denote the corresponding symbols on V
± respectively. These scalar distribu-
tions are associated to locally integrable functions given by
Γαβγ = Γ
+α
βγθ + Γ
−α
βγ (1− θ) . (140)
These functions may be discontinuous across Σ and, as in the general case (135), we have
Γαβγ|Σ =
1
2
(
Γ+
α
βγ|Σ + Γ−αβγ|Σ
)
. (141)
Using now the standard formula (in a local coordinate basis) and treating the objects
appearing as distributions we define the Riemann tensor distribution by
Rαβλµ = ∂λΓ
α
βµ − ∂µΓαβλ + ΓαλρΓρβµ − ΓαµρΓρβλ.
First of all, we observe that the products of Γ’s are well defined because Γαβγ are distribu-
tions associated to functions, and actually they become (upon using θ · θ = θ)
ΓαλρΓ
ρ
βµ = Γ
+α
λρΓ
+ρ
βµθ + Γ
−α
λρΓ
−ρ
βµ (1− θ)
On the other hand, we have from (139), as in (138):
∂µΓ
α
βλ = ∂µΓ
+α
βλθ + ∂µΓ
−α
βλ (1− θ) +
[
Γαβγ
]
nµδ
Σ
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so that the final expression for the Riemann tensor distribution reads
Rαβλµ = R
+α
βλµθ +R
−α
βλµ (1− θ) +
(
nλ
[
Γαβµ
]− nµ [Γαβλ]) δΣ (142)
where R±αβλµ are the Riemann tensors fields on V
± respectively. The part proportional to
δΣ is called the singular part of the Riemann tensor distribution, and it has support only
on Σ. An explicit formula for this part in terms of the jump of the second fundamental
form of Σ is provided in the main text, expression (9).
D Useful formulas
D.1 Concerning Σ and its objects
Consider a hypersurface (Σ, hab) imbedded in a n-dimensional spacetime (V, gαβ). We
will later use this construction for the + and − sides. Using the dual bases {nµ, eµa} and
{nµ, ωaµ} introduced in Section 2, we have
eρa∇ρeαb = −Kabnα + Γcabeαc , (143)
eρa∇ρωbα = −Kbanα − Γbacωcα, (144)
eρa∇ρnα = Kabωbα (145)
where Kab is the second fundamental form introduced in (3) and
Γ
c
ab := ω
c
αe
ρ
a∇ρeαb
represent the Christoffel symbols of the Levi-Civita connection associated to the first
fundamental form hab of Σ. In general —unless the jump of the second fundamental form
(8) vanishes— there will be two versions, one + and one − of all these equations except
for the last one, the connection, which is uniquely defined given that the first fundamental
form agrees on both sides (1).
The covariant derivative defined by Γ is denoted by ∇. The relationship between ∇
and ∇ on Σ is ruled by the following formula (given here for a (1, 1)-tensor field Sβα, but
generalizable in the obvious way to arbitrary ranks [15])
ωaβe
α
b e
ρ
c∇ρSβα = ∇cSab + (eβbSρβnρ)Kac + (ωaαSαρ nρ)Kcb (146)
where, for any tensor field S, we denote by S its projection to Σ:
S
a
b := ω
a
αe
β
bS
α
β . (147)
The equivalent “space-time” version of (146) is
hγβh
α
δ h
ρ
σ∇ρSβα = ∇σSγδ + (hβδSρβnρ)Kγσ + (hγαSαρ nρ)Kσδ, (148)
where S
γ
δ is the spacetime version of S
a
b , i.e. S
γ
δ := ω
b
δe
γ
aS
a
b = h
γ
αh
β
δS
α
β .
Denoting by R
d
abc the Riemann tensor of (Σ, hab), the classical Gauss equation reads
ωdαR
α
βγδe
β
ae
γ
b e
δ
c = R
d
abc −KacKdb +KabKdc , (149)
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whose contractions are
eαae
γ
cRαγ − nαnγRαβγδeβaeδc = Rac −KddKac +KabKbc , (150)
R− 2nαnβRαβ = R− (Kdd)2 +KabKab (151)
where Rac and R denote the Ricci tensor and scalar curvature of (Σ, hab).
Similarly, the classical Codazzi equation reads
nµR
µ
αβγe
α
ae
β
b e
γ
c = ∇cKba −∇bKca (152)
with contraction
nαRαγe
γ
b = ∇aKab −∇bKdd . (153)
As mentioned before, generically there will be two versions of each of the previous
equations, one for each ± side of Σ if this is a matching hypersurface. Thus, for instance
(and using space-time notation), (151) and (153) must have the two versions:
R± − 2R±µνnµnν = R− (K±ρρ)2 +K±µνK±µν , (154)
nµR±µρh
ρ
ν = ∇µK±µν −∇νK±ρρ. (155)
On the other hand, equation (146) at points of the matching hypersurface (Σ, hab) of the
already glued spacetime V = V + ∪ V − reads
hγβh
α
δ h
ρ
σ∇ρSβα|Σ = ∇σSγδ + (hβδSρβnρ)KΣγσ + (hγαSαρ nρ)KΣσδ, (156)
where here we use h∇|Σ just to make explicit that h∇ is being restricted to points at Σ
using the connection given by (140), whose restriction to Σ is (141). Note that when-
ever both second fundamental forms coincide [Kαβ] = 0 on a matching hypersurface Σ,
equation (156) reads just as (148).
D.2 Discontinuities
In the computations we need the discontinuities of objects, such as functions and tensor
fields, across Σ. This also implies that we need to control such discontinuities for the
derivatives of those objects, and for their products. Here we provide the general rules.
Let A and B be any two functions possibly discontinuous across Σ. Then
[AB] = A+B+|Σ−A−B−|Σ = A+B+|Σ−A+B−|Σ+A+B−|Σ−A−B−|Σ = A+|Σ[B]+[A]B−|Σ
and an equivalent expression interchanging A ↔ B. Adding these two expressions and
using (135) we get
[AB] = AΣ[B] + [A]BΣ. (157)
Concerning derivatives, let us start with any function f that may be discontinuous
across Σ. If we compute the tangent derivatives on both sides of Σ we obtain
eµa [∂µf ] = [e
µ
a∂µf ] = e
µ
a∂µf
+|Σ − eµa∂µf−|Σ = ∂af+|Σ − ∂af+|Σ = ∂a[f ] = eµa∂µ[f ]
and thus, by orthogonal decomposition,
[∂νf ] = Fnν + ω
a
νe
µ
a∂µ[f ] = Fnν + h
µ
ν∂µ[f ] (158)
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where F is a function defined only on Σ that measures the discontinuity of the normal
derivatives of f across Σ:
F := nν [∂νf ] .
Consider now the case of a one-form tµ, again possibly discontinuous across Σ. A
direct computation using (158) and (157) produces
eµa [∇µtα] = eµa
[
∂µtα − tρΓρµα
]
= eµa
(
∂µ [tα]− [tρ]ΓΣρµα
)−tΣρ [Γρµα] eµa = eµa∇µ [tα]−tΣρ [Γρµα] eµa ,
Let us remark that the derivative ∇~e is restricted to points on Σ, so that the connection
(141) must be used. Therefore
[∇µtα] = nµTα + hνµ∇ν [tα]− tΣρ [Γρνα]hνµ (159)
where Tα is a one-form defined only on Σ giving the discontinuity of the normal derivatives
of tα across Σ,
Tα := n
µ [∇µtα] ,
and the tangential derivative h∇ is restricted to Σ, although it is not explicitly indicated
not to overwhelm the expressions. The righthand side of (159) can be further computed.
First, due to (156)
hνµ∇ν [tα] = ∇µ[tα] + nρ[tρ]KΣµα + nαnρhνµ∇ν [tρ]
= ∇µ[tα] + nρ[tρ]KΣµα + nα∇µ ([tρ]nρ)− nα[tρ]KΣρµ
while, for the last summand in (159) we use (5) and (7)
−tΣρ [Γρνα]hνµ = tΣρ nρ[Kµα]− nαtΣρ [Kρµ].
Introducing both results into (159) we get
[∇µtα] = nµTα +∇µ[tα] + nρ[tρ]KΣµα + nα
(∇µ ([tρ]nρ)− [tρ]KΣρµ)+ tΣρ nρ[Kµα]− nαtΣρ [Kρµ]
= nµTα +∇µ[tα] + nρ[tρKµα] + nα
(∇µ ([tρ]nρ)− [tρKρµ]) . (160)
Observe that when there is no jump of the second fundamental form, [Kαβ] = 0 (⇔ [Γρνα] =
0), equations (159) and (160) read, respectively,
[∇µtα] = nµTα + hνµ∇ν [tα], (161)
[∇µtα] = nµTα +∇µ[tα] + nρ[tρ]Kµα + nα
(∇µ ([tρ]nρ)− [tρ]Kρµ) . (162)
These formulas can be generalized to arbitrary (p, q)-tensor fields T pq in an obvious way.
In that case, the term replacing Tα is simply a tensor field of the same type (and with
the same symmetry and trace properties) as T pq , defined only on Σ and measuring the
discontinuities of the normal derivatives of T pq .
D.3 Derivatives of tensor distributions proportional to δΣ
Let us consider tensor distributions of type
tα1...αpδ
Σ
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where tα1...αp is any tensor field defined at least on Σ, but not necessarily off Σ (for instance
hµν or nµ are not defined outside Σ). We want to compute the covariant derivative of
such tensor distributions. Then we have〈∇λ (tα1...αpδΣ) , Y λα1...αp〉 = − 〈tα1...αpδΣ,∇λY λα1...αp〉 = − 〈δΣ, tα1...αp∇λY λα1...αp〉
= −
∫
Σ
tα1...αp∇λY λα1...αpdσ = −
∫
Σ
tα1...αp(nλn
ρ + hρλ)∇ρY λα1...αpdσ.
The first summand here is
− 〈tα1...αpnλnρδΣ,∇ρY λα1...αp〉 = 〈∇ρ (tα1...αpnλnρδΣ) , Y λα1...αp〉
while the second one has derivatives tangent to Σ and thus
−
∫
Σ
tα1...αph
ρ
λ∇ρY λα1...αpdσ = −
∫
Σ
hρλ∇ρ(tα1...αpY λα1...αp)dσ +
∫
Σ
Y λα1...αphρλ∇ρtα1...αpdσ
and using (148) for the first integral here
= −
∫
Σ
∇λ(tα1...αpY λα1...αp)dσ −
∫
Σ
KΣρρ nλtα1...αpY
λα1...αpdσ +
∫
Σ
Y λα1...αphρλ∇ρtα1...αpdσ
=
〈(
hρλ∇ρtα1...αp −KΣρρ nλtα1...αp
)
δΣ, Y λα1...αp
〉
where we have used that, as Y λα1...αp has compact support, the first total divergence term
integrates to zero. Summing up, we have the following basic formula
∇λ
(
tα1...αpδ
Σ
)
= ∇ρ
(
tα1...αpnλn
ρδΣ
)
+
(
hρλ∇ρtα1...αp −KΣρρ nλtα1...αp
)
δΣ. (163)
In particular, for the second derivative of θ one gets
∇ν∇µθ = ∇ν(nµδΣ) = ∇ρ(nµnνnρδΣ) +
(
Kµν −KΣρρnµnν
)
δΣ. (164)
D.4 Ricci and Bianchi identities
The Bianchi identity holds in the distributional sense, for a proof consult [15]:
∇ρRαβνµ +∇νRαβµρ +∇µRαβρν = 0. (165)
Concerning the Ricci identity, let us consider a one-form which may have a discon-
tinuity across Σ. It can be written as 1-covariant tensor and as a one-form distribution
as
tα = t
+
α θ + t
−
α (1− θ); tα = t+α θ + t−α (1− θ)
To compute the derivatives, we need to take tα as a distribution. Then, from (138) we
first have
∇µtα = ∇µt+α θ +∇µt−α (1− θ) + [tα]nµδΣ
and applying (138) to the first part not proportional to δΣ we derive
∇λ∇µtα = ∇λ∇µt+α θ +∇λ∇µt−α (1− θ) + [∇µtα]nλδΣ +∇λ
(
[tα]nµδ
Σ
)
. (166)
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Formula (163) gives the last term here
∇λ
(
[tα]nµδ
Σ
)
= ∇ρ
(
[tα]nµnλn
ρδΣ
)
+
(
nµh
ρ
λ∇ρ[tα] + [tα]Kλµ −KΣρρ nλ[tα]nµ
)
δΣ.
Introducing (159) into (166) and using this last result we arrive at
(∇λ∇µ −∇µ∇λ)tα = (∇λ∇µ −∇µ∇λ)t+α θ + (∇λ∇µ −∇µ∇λ)t−α (1− θ)
−tΣρ
(
nλ[Γ
ρ
µα]− nµ[Γρλα]
)
δΣ
and using here the Bianchi identity on both ± regions and expression (4) we finally get
(∇λ∇µ −∇µ∇λ)tα = −tρRραλµ. (167)
Of course, this can be extended to tensor fields of any (p, q) type which may have discon-
tinuities across Σ.
What about the Ricci identity for tensor distributions not associated to tensor fields?
The answer now is much more involved, and it must be treated case by case, because
taking covariant derivatives presents several problems. As an illustrative example, let us
analyze the case of the second covariant derivative of δΣ. For the first derivative we have
from (163)
∇µδΣ = ∇ρ
(
nµn
ρδΣ
)−KΣρρ nµδΣ (168)
so that defining a one-form distribution ∆µ with support on Σ as follows
〈∆µ, Y µ〉 := −
∫
Σ
nµn
ρ∇ρY µdσ; ∆µ = ∇ρ
(
nµn
ρδΣ
)
(169)
we can also write
∇µδΣ = ∆µ −KΣρρ nµδΣ.
Note, however, that ∆µ, and therefore ∇µδΣ too, is only well defined when acting on
test vector fields whose covariant derivative is locally integrable on Σ. Thus, the second
covariant derivative of δΣ is not defined in the general case with a discontinuous connection
Γαµν . To see this, observe that to define ∇λ∇µδΣ we need to define ∇λ∆µ, but this should
be according to definition A.5〈∇λ∆µ, Y λµ〉 = − 〈∆µ,∇λY λµ〉 (170)
and this is ill-defined because∇λY λµ does not have a locally integrable covariant derivative
in the sense of functions: actually, its covariant derivative can only be defined in the sense
of distributions.
Nevertheless, if the connection is continuous, that is, [Γαµν ] = 0, then (170) makes
perfect sense because the covariant derivative ∇ρ∇λY λµ is a locally integrable tensor
field. Thus, in this case we can write〈∇λ∆µ, Y λµ〉 = ∫
Σ
nµn
ρ∇ρ∇λY λµdσ (171)
and we can prove the Ricci identity for distributions such as δΣ. To that end, a straight-
forward if somewhat lengthy calculation, using the Ricci identity under the integral and
the rest of techniques hitherto explained, leads to the following explicit expression:
∇λ∇µδΣ = ∇ρ∇σ(nµnλnρnσδΣ) +∇ρ{(Kλµ −Kσσnλnµ)nρδΣ}+
δΣ{Kσσ (Kρρnλnµ −Kλµ) + nρnσRΣρµλσ +KρλKµρ + nλnµKρσKρσ}+
δΣnµ{∇ρKρλ −∇λKρρ − nρRΣρλ}
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where all the summands are obviously symmetric in (λµ) except for those in the last line
which, by virtue of the contracted Codazzi relation (155), become simply nρnσRΣρσnλnµδ
Σ,
so that finally one arrives at the desired result
∇λ∇µδΣ −∇µ∇λδΣ = 0.
E Problems with the use of Gaussian coordinates
based on the matching hypersurface Σ
In the literature on junction conditions [7] or in general when dealing with braneworlds,
it is customary to simplify the difficulties of dealing with tensor distributions by using
Gaussian coordinates based on the matching hypersurface and a classical Dirac delta
“function”. This leads to some subtleties very often ignored and, in fact, to unsolvable
problems if one is to describe gravitational double layers. In this Appendix we clarify
this situation and provide a useful translation between the rigorous and the simplified
methods. Choose local Gaussian coordinates {y, ua} based on the matching hypersurface
Σ given by
Σ : {y = 0}
so that the metric reads locally around Σ as
ds2 = dy2 + gab(y, u
c)dxadxb.
We can identify the local coordinates of Σ as ξa = ua, or in other words, the parametric
representation of Σ and the tangent vector fields ~ea are simply
{y = 0, ua = ξa}, ~ea = ∂
∂ua
∣∣∣∣
y=0
.
The unit normal is in this case
n = dy|y=0
and the first fundamental form (1) becomes simply
hab = gab(0, u
c).
In what follows, h denotes the determinant of hab. The two regions matched are repre-
sented by y > 0 and by y < 0. A trivial calculation proves that the second fundamental
forms inherited from both sides are
K±ab = lim
y→0±
∂ygab =⇒ [Kab] = [∂ygab] |y=0.
In these coordinates, the Σ-step function (131) can be easily identified with the stan-
dard Heaviside step function θ(y). Thus, its covariant derivative is easily computed
∇θ(y) = δ(y)dy
where δ(y) is the Dirac delta “function”. This can be immediately put in correspondence
with (133) in such a way that, in this coordinate system
δΣ ↔ δ(y) .
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Now, if we multiply δ(y) for any function then
Fδ(y) = F |y=0δ(y)↔ FδΣ = F |ΣδΣ.
Observe, however, that a first subtlety arises: when we apply δ(y) to any test function
Y (xµ), we do not simply get Y |y=0, but we also need to integrate on Σ, that is
〈δ(y), Y 〉 =
∫
y=0
Y (y = 0, uc)
√−h dun.
This corresponds to (132).
The discontinuity of the connection (5) together with (7) can be expressed by giving
the non-zero jumps of the Christoffel symbols
[Γyab] = −[Kab], [Γaby] = [Kab]
and similarly (9), (11) and (15) read (only the non-zero components shown)
Hyayb = −[Kab], Hyy = −[Kcc ], Hab = −[Kab], Gab = −[Kab] + [Kcc ]hab
so that, for instance, the Einstein tensor tangent components acquire a term proportional
to δ(y) given by Gabδ(y).
And now is when the real problems start: if one is to compute covariant derivatives
of the curvature tensors, or the Einstein tensor, as distributions, one needs to compute
terms such as, say, ∇µ(Gabδ(y)). How to do that? Even simpler, how to compute ∇µδ(y)?
One might naively write
∇δ(y)Z= δ′(y)dy wrong!
where δ′(y) is “the derivative” of the Dirac delta. This is clearly ill-defined, because one
does not know how such a δ′(y) should act on test functions (as minus the integral on
Σ of the y-derivative of the test function?). But worse, even if one could find a proper
definition of such a δ′(y), still the formula would miss the second essential term appearing
in (168) which is proportional to δΣ and depends on the extrinsic properties of the matching
hypersurface via the trace of its second fundamental form.
In order to show how to proceed if one insists in using Gaussian coordinates, the
computation of ∇δ(y) must go as follows (here g stands for the determinant of gαβ)〈
∇δ(y), ~Y
〉
= −〈δ(y),∇µY µ〉 = −
∫
y=0
∇µY µdun = −
∫
y=0
1√−g∂µ(
√−gY µ)dun
= −
∫
y=0
1√−h∂µ(
√−hY µ)dun = −
∫
y=0
(
∂yY
y + ∂aY
a + Y µ
1√−h∂µ
√−h
)
dun
= −
∫
y=0
(
∂yY
y +
1√−h∂a(
√−hY a) + Y y 1√−h∂y
√−h
)
dun = −
∫
y=0
(
∂yY
y + Y yKΣaa
)
dun.
In the last step we have used Gauss’ theorem. This formula corresponds to (168). Observe
the fact that the extrinsic curvature Kab is not necessarily equal as computed from either
side of y = 0 and therefore it is not univocally defined. Hence, a definite prescription of
what is its value on Σ, that is KΣab, must be provided.
The above subtleties and difficulties when using Gaussian coordinates are probably the
reasons why double layers were not found in quadratic F (R) or other quadratic theories
until they were derived in [18, 19, 20].
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